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1. Introduction 

Seifert fibered spaces have played an interesting and important role in topology 
and transformation groups. The classical definition of Seifert |^ in 1933, concern- 
ing circle bundles with specified singularities over 2-dimensional manifolds, preceded 
much of the notions and development of bundle theory. In fact, Seifert 's splendid 
paper had a profound influence on both bundle theory and low dimensional topol- 
ogy. Recognition of the importance of Seifert fiber spaces to transformation groups 
was communicated a long time ago to one of the authors by Deane Montgomery. 

Many of the interesting spaces in topology and geometry admit the structure of 
a bundle with singularities. The geometric structure is usually displayed as part 
of this bundle structure. While Seifert fiberings, in their utmost generality, could 
be said to encompass all of these phenomena, we have concentrated here, in our 
exposition, on a particular type called injective Seifert fiberings. These seem to 
entail the simplest structure in that they admit a global uniformization, have close 
connections with transformation groups, and have many applications. Moreover, 
because topologists have become intrigued with the "geometrization" of manifolds, 
we hope that this paper will also inform the reader of the significant role that Seifert 
fiber spaces and Seifert constructions can play in these matters. 

We have tried to make our exposition as concrete and accessible as possible. 
This is especially true in the beginning and in the last two sections where examples 
and illustrations of the theory are worked out in detail. Each section has its own 
introduction and it will be helpful to read section 2, 5 and 6 first. To digest sections 
3 and 4, it is advisable to read these through first for an overview before checking 
the details. 



Notation. We shall use the following notation throughout the rest of the paper. 
For a topological group G with K a closed subgroup and X a nice topological space, 
we put 
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Aut(G) — Continuous automorphisms of G 

Inn(G) — Inner automorphisms of G 

Out(G) = Aut(G)/Inn(G) 

Ng{K) = Normalizer of in G 

Gg W) = Centrahzer of X in G 
Aut(G,i^) ={ae Aut(G) : a\K € Aut{K)} 
Inn(G, K) = Inn(G) n Aut(G, K) 
OntiG,K) = Aut{G,K)/lmi{G,K) 

fj,{a) = Conjugation by a; so, ^(a)(x) — axa^^ for x G G. 
TOP(X) = The group of self-homeomorphisms of X 

Diff(A') = The group of self-diflFeomorphisms of a smooth manifold X 

2. Definitions, Motivation and Examples 

2.1. Rough Definition of Seifert Fiber Spaces. In section 2, we explain what 
we mean by Seifert fiber spaces, give motivations, precise definitions and some 
examples. 

The Seifert fiber space construction was first defined and studied in and 



12 1 and later reformulated in ||3^, ||39|] and It is really a generalization of 

the classical Seifert spaces and homogeneous spaces of a Lie group by its uniform 
lattices. We shall start with a rough definition, continue with some motivation, and 
finally, give an exact definition. 

We then examine what one must do to effectively construct all possible injective 
Seifert fiberings over a given base with a given typical fiber. As a result of this 
investigation, we determine the precise nature of the singular fibers. 

A Seifert fibering F ^ E ^ B is a "fibering" with singularities. For each 
b £ B, there is associated a finite subgroup Qt of TOP(J^), the group of self- 
homeomorphisms of F, so that p~^{b) — F/Qi,. If Qi, is trivial, p~^{b) — F is called 
a typical fiber. Otherwise F/Qi, is called a singular fiber. For example, if F = T*^ 
is a fc-torus, and Qt, acts freely on F, then F/Qi, will be a flat manifold which is 
finitely covered by the torus. We shall require the groups Qb to be controlled in 
a particular way as a replacement of the local triviality condition. Before giving a 
formal definition, we start with some examples. 



Example 2.1.1. As a simple example, consider the Mobius band 

£; = /x [-i,i]/(o,i)^(i,-t). 

It has an obvious circle action so that its orbit space B ~ S^\E is an interval. 
Thus, we get ^ E ^ B. The orbits are circles parallel to the boundary circle. 
The center circle orbit however is doubly covered by each of the other orbits. B is 
an arc [0, 1]. Here p^^{t) = S*^, a free orbit for every t 0, while p^^(O) = Z2\S^, 
the center circle, is the only singular fiber. 



Example 2.1.2. Let a : ^ be the map a(zi,Z2) = {'^1,^2) on a 2-torus. 
Then a has period 2, and has 4 fixed points. In fact, B = r^/Z2 is a sphere with 
4 branch points. Take the product x /, a 2-torus and the unit interval. Identify 
the two ends by 



(u.,0) ^ {a{w),l) 
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to form the mapping torus M of a. Denote an element of M by and define 

an S'^-action on M by 

where the second coordinate is taken modulo 1 and compatible with the identifica- 
tions. The space E = (T^ x /)/Z2 is homeomorphic to an orientable 3-dimensional 
flat Riemannian manifold with holonomy group Z2. The circle acts as isometrics 
on E. lip denotes the orbit mapping, then the orbit space is B — T^/Z2. The free 
orbits, away from the 4 branch points, are typical fibers while the doubly covered 
orbits over the branch branch points are singular fibers. These singular fibers are 
still circles, but are half of the length of the typical fibers. 

2.2. Torus Actions. To facilitate our understanding of Seifert fiber spaces we shall 
examine first the situation arising from group actions. We shall assume familiarity 
with elementary properties of group actions. Good references as we shall use these 
concepts are the book by Bredon ||^ , the paper JTl[ , and the chapter on Topological 
Transformation Groups of this book by Adem and Davis. We recall first several 
definitions and facts. 

Our spaces X are path-connected, completely regular and Hausdorff so that the 
various slice theorems are valid. For covering space theory, we need and tacitly 
assume that our spaces are locally path-connected and semi 1-connected. 

A topological group G acts properly on X if the closure of {5 £ G | gC fl C ^ 0} 
is a compact subset of G, for all compact subsets C of X. See for properties 
of proper actions. In particular, a proper action of a (not necessarily connected) 
locally compact Lie group on a completely regular space admits a slice, and the 
orbit space is Hausdorff. 

If Q is a discrete group acting properly on A, we shall say that Q acts prop- 
erly discontinuously on X. Note the isotropy subgroups are finite for a properly 
discontinuous action. 

Let G be a path-connected group acting on a path-connected Hausdorff space 
A. Fix j: G A. The evaluation map ev^ : (G, e) — > (A, x) is defined by 

ev"'(5) = g-x. 

This induces the evaluation homomorphism 

evj : TTi (G, e) tti (A, x) . 

Put H = image of evj C 7ri(A, x). Then _ff is a central subgroup of tti{X, x) which 
is independent of choices of x ||l^. Lemma 4.2]. 
Let A be a normal subgroup of 7ri(A, x) and 

Xk the covering space of A associated with the subgroup K 
so that 7ri(Aif, x') — K. Assume that H C K and put 

Q ^ ni{X,x)/TTi{XK,x') = ni{X,x)/K. 

Then we have the 

Proposition 2.2.1 §4] and §, Chapter I, §9]). (1) TheG-action on X lifts 
to an action of Xk which commutes with the covering Q-action on Xk- The 
lifted action of G on Xk is proper if the action of G on X is proper. 
(2) The induced Q action on the quotient space W = G\Xk is properly discon- 
tinuous {i.e. behaves at least like branched coverings with Hausdorff quotient) 
provided G acts properly on X. 
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Definition 2.2.2. A torus action (T^^X) is said to be injective if 
evj : 7ri(T'^,e) — > Tri{X,x) is injective. 

Suppose T'' acts injectively on a path connected, locally path connected, semi 
1-connected paracompact Hausdorff space X . Then, by the above proposition, the 
T*^ action lifts to an action on X^k, where Z'^ is the image of 7ri(r'^) ni{M). We 
show that the lifted action {T^^X^k) is free and splits. 

Proposition 2.2.3 ([0 §3.1]). If acts injectively on X, then X^k splits into 
T'' xW so that (T'=,Xzfc) = (T'=,r'= x W), where the action onT^ xW is via 
translation on the first factor and trivial on the simply connected W factor. 

Proof. Let G = and be a subgroup of G isomorphic to the circle. (Note that 
is a direct factor). Lift the action to X' — X^k. Let y' € X' and suppose 
Sy, ^ 1 is the stabilizer of the lifted action at y'. Choose paths 7 in X' from the 
base point x' over x to y' and a : (/, 0, 1) — > (5*^, 1, z) where z is the "first" element 
^ 1 of 5^ for which z ■ y' = y' . Then a{t)y' defines a loop at y'; and 7 * a * 7 is the 
associated loop based at x' . Now (7 * a * 7)" 7 * a" * 7 represents a generator 
of Z'^ = H . Hence n is the order of z in 5^. This implies that 7*0*7 represents 
an nth root of a generator of Ti^ which is impossible unless n = \. Thus Sy, = 1, 
for all y' G X' and all circle subgroups of S*^ of . Hence the lifted toral action 
{T'',X') must be a free action and X = T\X' is a principal bundle. 

We now show that this bundle is trivial. Let f : W Bj-k be the classifying map 
from W into the classifying space for principal T'^-bundles. The bundle X' ^ W 
is represented by the homotopy class [/] G [H^, iJj-fe]. Since B^k is a K{Z'^,2) 
space, [/] is represented by the image f*{u), where u £ H'^{Brpk\'L^) represents 
id : Bj^k — > Bj^k . 

The cohomology sequence, 

— > H\W;Z'') — > HHX';Z'') — > H\t'';Z'') — > H^{W;Z'') — > H^{X';Z''), 
which arises from terms of low degree of the spectral sequence of the fibering X' 



W, is exact (e.g., ^ p. 332 Ex 2], or jlO|, p. 329 C]). 

We observe that H^{X'\Z^) — > H^{T^]Z^) is a surjective isomorphism be- 
cause 7ri(T'^,l) — > 7ri(X',a;') is an isomorphism. Consequently, f*{u) injects into 
H'^{X'\Z^). On the other hand, ■K*{f*(u)) = J*{tt'*{u)), where tt' : E^k B^k, 
the universal T'^'-bundle, and / is the bundle map X' E^k induced by /. But 
7r'*(u) G H^{ETk;Z^) = 0. Therefore, 7r*(/*(u)) = 0, which implies f*{u) = 0. 
Hence, X' — > is a trivial fibering and X' = T^ x W . 

Finally, we remark that the group T'^ x Q is acting properly on T*^ x M^, and 
W is simply connected. The action does not lift to the universal covering X of 
X but the induced ineffective M''' action on T*^ x lifts to an effective R*^ action 
on K*^ X W and commutes with the group tti (X, x) of covering transformations on 
M*= X Ty. □ 

2.3. Examples of Injective Actions. A manifold A/" is called hyper- aspherical 
|l4| if there is a degree 1-map from M to a closed aspherical manifold of dimension 



Proposition 2.3.1. Any effective torus action on the following closed connected 
manifolds is injective: 
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(1) All aspherical manifolds [|T^, 

(2) All hyper- aspherical manifolds 

(3) More generally, all manifolds M" with C ■ H''{K{-ki{M), 1); Q) H"{M; Q) 
surjective, where ^* is induced by the classifying map ^ : Af ^ K{tti{M), 1), 
with 7ri(M) torsion free. (The torsion freeness assumption of 'Ki{M) can he 
dropped if we assume the action is smooth, cf Q and |^ .) See , 0| , |Q , 
| p7[ |, [ ]6l| , ]l9[ and /or smc/i generalizations. 

(4) Homologically Kdhler manifolds all of whose isotropy subgroups are finite 
(e.g., holomorphic actions) p. 170], p. 186]. 

If every circle action on a closed manifold M is injective, the only compact 
connected Lie groups that can act on M are tori. See for a proof of this fact. 
Therefore tori are the only compact connected Lie groups that act effectively on 
those manifolds hsted in (1), (2) and (3). Moreover, in each of these cases, tti{T^) 
must inject into the center of 7ri(M) if T'' acts effectively. Consequently, the only 
compact Lie groups that can act effectively on these M for which the center of 
t:i{M) is finite are finite groups. 



2.4. Injective Seifert fibering. Perhaps the most important feature of an injec- 
tive torus action (T'=,X) is the spUtting [t'^^t'' x W) in Proposition |2.2.3| . The 



universal covering group K acts ineffectively via M ^ T on T x W and lifts 
to the action of R*^ as left translations on M.'^ x W, the universal covering space of 
T'' X W and of X. This R'^ action contains the Z'' covering transformations over 
r'^' X W and commutes with the group tt = tti{X) of covering transformations on 
X. Together R'^ and tt generate a subgroup R*^ • tt of TOP(M''' x W) isomorphic to 
R'' x^k TT, since = R'^ fl tt. 

We have been describing these features of injective actions to motivate our defi- 
nition of injective Seifert fiberings. It is apparent that we could start with M.'' xW 
and using the reverse procedure, reconstruct the injective toral actions on X. We 
will now describe this reverse procedure. We will also put it in a more general 
context where M'^ is replaced by any Lie group G and W is any completely regular 
space admitting covering space theory. 

Let TT be a discrete subgroup of TOP(G' x W) and assume 

1. The left translational action i{G) of G on G x is normalized by tt. 

2. F C TT n £{G) is discrete and normal in tt. 

3. The induced action of Q = tt/F on is proper. 

These conditions imply that the group £{G) ■ n C TOP(G x W), generated by G 
and vr, acts properly on G x W. 

With the above three conditions, we obtain the commutative diagram: 

Q\ 

G — > G X W — > W Product principal G-fibcring 

lr\ l-\ [Q\ 

F\G — > X = 7r\(G xW) Q\W Seifert fibering 

X is called an injective Seifert fiber space, with typical fiber F\G, B is called the 
base and the mapping p is called the injective Seifert fibering. Since the actions of 
TT on G X W and the action of Q on are properly discontinuous, the quotient 
spaces X and B are reasonable spaces. 
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If TT centralizes i{G), then F c tt n 1{G) is in the center of G and the G action 

descends to a G/F action on X. In general, neither F is central in G nor tt centralizes 
the G action but, as we shall see, the obvious "fibers" (inverse images p~^{b)) still 
have a very nice description. 

2.5. TOPg{G X W). To describe or construct all possible injective Seifert fiberings 

over B with typical fiber F\G, we begin with a proper action of a discrete group Q 
on W so that B = Q\W . We form the product space Gx letting G act on the first 
factor of GxVF by left translations. Denote this action by £(G) cTOP(GxW^). We 
then search for discrete group tt contained in the normalizcr of t{G) in TOP(G x W) 
such that F C TT n G is discrete in G and the induced action of the quotient tt/F is 
equivalent to the Q action on W. Our first task then is to describe the algebraic 
structure of the normalizer of 1{G) in TOP(G x W). The topological structure 
of TOP(G X W), while important and significant for some applications, is not 
necessary for our problem now at hand. 

A space is admissible if it is completely regular (Hausdorff ) locally path-connected 
and semi-locally simply-connected. Let G be a Lie group, Aut(G) the Lie group of 
continuous automorphisms of G. TOP(X) denotes the group of homeomorphisms 
of X. See section 1 for a list of notation. 

Recall that a homeomorphism / of G x onto itself is weakly G-equivariant if 
and only if there exists a continuous automorphism a/ of G so that 

f{a-x,w) = af{a)f{x,w) 

for all a G G and {x, w) e G xW. 

Definition 2.5.1. The group of all weakly G-equivariant self- homeomorphisms of 
G X is denoted by TOPg(G x W). 

Lemma 2.5.2. TOPg(G x W) is the normalizer of t{G) in TOP(G x W). 

Proof. Let / £ TOP(G x W). Then the following are all equivalent: 

(1) / e TOPg(G X W) 

(2) / is weakly G-equivariant. 

(3) There exists a/ G Aut(G) such that f{a ■ x,w) = af{a)f{x,w) for all a S G 
and (x, w) G G x VF. 

(4) There exists a/ G Aut(G) such that / o £(a) o /"^ = f (a/(a)) for all a G G. 

(5) / normalizes i{G). 

□ 

Each element / G TOPg(G x W) sends fibers of G x ^ to fibers. That 
is, each / induces a map / G TOP(VF) so that 

GxW GxW 

1 _ 1 

VF VF 

commutes. Therefore, to each / G TOPg(G x W), we can assign a pair {af,f) G 
Aut(G) X TOP(PF). This assignment 

TOPg(G xW) — > Aut(G) X TOP(W) 
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is a surjective homomorphism and it splits. For, if we define (a, /i) (a;, t«) = {a{x),h{'w)) 
for {a,h) G Aut(G) x TOP(W), then 

{a,h){a ■ x,iu) = {a{a ■ x) , h{w)) 

= {a{a)(a{x), h{w)) 
= e{a{a)){{a{x),hiw)) 
= £{a{a)){a, h){x, w). 

Let K be the kernel of TOPg(G x W) ^ Aut(G) x TOP(W^). li f e K, since / 
moves only along the fibers, there exists a unique continuous function X : GxW ^ 
G such that f{x, w) = {x ■ {X{x, iu))~^,w). We show that A only depends upon W. 
For any a £ G, 

{ax • {X{ax,w)~^ ,w) =f{a-x,w) 

= i{a)f{x,w) since a/ = id 

= £{a){x ■ (A(x, w)~^,w) 
= {ax ■ {X{x, w)^^ , w). 

So, X{ax,w) = X{x,w) which means A only depends upon W. Let 

M{W, G) = {the continuous maps of W into G}. 

For each A e M(W,G), define fx € K hy fx{x,w) = {x ■ {X{w))-'^ ,w). The 
assignment M{W, G) 3 X f\ G K is easily checked to be an isomorphism, where 
the group law in M{W, G) is 

(Ai • X2){w) = Xi{w) ■ X2{w). 

Conjugation in TOVg{GxW) induces the action of Aut(G) xTOP(VF) on M{W, G). 
It is given by 

(«.'')A = aoAo/i-i, 

that is, 

(a, h) oXo (q, h)~^{x, w) = {x ■ a{X{h~^ {w)))~^ , w) . 

For, 

{a, h) o Xo {a, h)~^{x, w) = {a, h) o A(Q:^-^(a;), h'^{w)) 

= {a,h){a-\x) ■ {X{h-Hw)))-\h-\w)) 
= {x-a{X{h-\w)))-\w) 

and 

A) (a;,w;) = a o X o h-^{x,w) 

= {x-a{X{h-^{w)))-'^,w). 

Therefore we have shown 

Lemma 2.5.3. TOPg(G x W) = M(W,G)xi(Aut(G) x TOP{W)), and it is the nor- 

malizer of £{G) in TOP(G x W). 

The group operation in TOPg(G x W) is 

(Ai,ai,/ii) • (A2,a2,/i2) = (Ai A2, aioa2, /iio/i2) 

= (Ai • (aioA2o/ij^^), aioa2, /110/12) 

Specifically, (A, a, h) acts on (a;, w) by 

(A, a, h) ■ {x,w) = (A, 1, 1) o (1, a, h)){x, w) 
= {X,l,l){a{x),h{w)) 
= {a{x)-{X{h{w)))-\h{w)). 
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Then M{W, G)xiAut((j) is the group of all weakly G-equivariant homeomorphisms 
oi G xW which move only along the fibers. The group M(Wi G) is the gauge group 
for the trivial fiber bundle G x W ^ W. 

For a gG, the constant map W ^ G sending to a is denoted by r{a). Clearly, 

r(a) = (a, 1, 1) G M(VK, G) x (Aut(G) x TOP(H^)). 

This is a right translation by on the first factor of G x so that r{a){x, w) = 
{x ■ a~^,w), and the subgroup of all such right translations is denoted by r{G) C 
M{W, G). Let i{G) denote the group of left translations on the first factor so that 
i{a){x, w) = {a ■ X, w). Then elements of i{G) are of the form 

£(a) = {a-\^i{a),l) G M(T^, G) x (Aut(G) x TOP(VK)), 

where /i(a) G Inn(G) is conjugation by a. 

Remark 2.5.4. If is a smooth manifold and we take TOPg(G x VF) nDiff(G x 
W), then this coincides with the weakly G-equivariant diffeomorphisms of G x 
and 

DiffG(G xW)= C(M^,G)x(Aut(G) x Diff(W')), 
where C{W, G) is the group of smooth maps of W into G. 

2.6. Example: 3-dimensional Seifert manifolds with base the 2-torus. We 

take W = M.'^. A group Q = 1? acts on W as translations. Let 

be a central extension of Z by Q. Then tt has a presentation 

TT = (a, /3, 7 I [a. 3] = l] = [/?, t] = 1), 

where 7 is a generator of the center Z, and the images of a, /? in Q are generators 
of Q. Suppose p 7^ 0. Using Z C M, one can obtain an effective action of tt on the 
product M x as follows: For {z, x,y) eM^xW , 

a{z,x,y) = {z + y, x + 1, y) 

(3{z,x,y) = {z, X, y+1) (1) 
j{z,x,y) = {z+^, X, y). 

Notice that these maps are of the form 

(2, X, y) ^ {(j)iz) - X{h{x, y)), h{x, y)), 

where cf) is an automorphism of M and h is an action of Q on W, and A is a map 
W ^ M.. In our case (p is always the identity automorphism. Consequently, the 
group TT lies in TOPm(]R x W) as 

{X,(l>,h) G M(W,M)x(GL(l,M) X TOP(VF)). 

The action of tt on M x described above can be explained differently as follows. 
Consider the Heisenberg group 

"1 X 

N = { 1 y : x,y,z€: 
1 
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which is connected, simply connected and two-step nilpotent. We denote such a 
matrix by {z,x,y) so that 

1 X z 

1 y < — > iz,x,y). 
1 

Then the group operation is 

(z', x', y') ■ (z, X, y) = {z + z + x'y, x + a;, y' + y), 

and the center of N is 1-dimensional Z = M, consisting of all matrices with x = 
y = 0. The quotient W = N/Z is isomorphic to so that 

is an exact sequence of groups. As spaces, this is a smooth fibration which is also 
a product N = M. x W. Suppose p ^ in the presentation of tt. Let 

a = (0, 1, 0), 13 = (0, 0, 1), and 7 = {1/p, 0, 0) £ N. 

Then these satisfy the relations of the group tt so that tt sits in TV as a discrete 
subgroup, and furthermore, the action of tt defined above is nothing but the left 
multiplication on A'^ by elements of tt. 

Actually this means that tt\N is a nilmanifold which is a matter that we shall 
explore more later. The free action of tt commutes with the K. action on R x 
and M n TT is the central Z subgroup generated by 7 = (i,0,0). The R action 
on M X R^ descends to an effective — (7)\M action on 7r\(R x R^). The map 
7r\(M x R2) Z2\R2 = is the orbit mapping of a free action. It is the 
principal S'^-bundle over with Euler class ~p. 



2.7. Injective Seifert Constructions. In section |2.5| , we described the structure 
of the group of weakly G-equivariant self homeomorphisms of G x IF as 

TOPg(G xW) = M(II^,G)x(Aut(G) x TOP(II^)) 

and showed that it was the normalizer of £{G) in TOP(G x 11^). The action of 
M(M/^,G)x(Aut(G) x TOP(II^)) on G x is given by 

{X,a,h) ■ {x,w) = {a{x) ■ {X{hw))~^ , hw). 

We observed that £(G) embeds in TOPg(G x W) as 

ta ^ (a"\^(a),l) G M(II^,G)xInn(G) C TOPg(G x W), 

where Inn(G) denotes the inner automorphisms of G. Both Inn(G) and 
M(II^,G)xInn(G) are normal in M{W, G) xi Aut{G) and in TOPg(G x W), respec- 
tively. We may therefore rewrite TOPg(G x II^) as the group extension 

1 ^ M(IF,G)xInn(G) -> TOPg(G x W) ^ Out(G) x TOP(II^) ^ 1 

where Out(G) = Aut(G)/Inn(G). 



In section 



2.4, we described the condition that must be satisfied if a discrete 
subgroup TT of TOPg(G x W) is to yield an injective Seifert fibering. 
Suppose 

1. G is a Lie group. 

2. r is isomorphic to a discrete subgroup of G. 

3. W is an admissible space (see subsection |2.5|). 

4. Q is a discrete group acting properly on W via p : Q ^ TOP(II^). 
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5. 1 T —> n Q —> 1 is an extension. 



Definition. A homomorphism of n into TOP g{G x W) so that the diagram of 
extensions 

1 — > r — > TT — > Q — >1 

1 — > M(M^,G)xInn(G) — > TOPciOxW) — > Out(G) x TOP(VK) — > 1 

commutes is called an injective Seifert Construction. The group TOPg(G x W) is 
called the universal group for this Seifert Construction. It follows that the group 
£(G) ■ 9{Tr), generated by e{G) and 9{Tr) in TOPg(G x W), acts properly onGxW. 
The construction then yields the injective Seifert fibering 

1{T)\£{G) e{n)\{G xW)^ Q\W 

with the typical fiber r\G and base Q\W. 

Note that the total space of our Seifert fibering is 7r\(G xW) = Q\{(T\G) x W). 
We say it is modelled on G x W. The base space is denoted by -B = Q\W. 

2.8. The singular fibers. 

Proposition 2.8.1. Each singular fiber is the quotient of the homogeneous space 
r\G by a finite group of affine diffeomorphisms. 

Proof. There is an intermediate fibering r\G (r\G) x W ^ W so that the 
following diagram is commutative: 

G — > GxW — > W 



r\G — > (r\G) xW — > W fibering 

Q\| [q\ 
r\G — > Tr\{GxW) — > Q\W = B Seifert fibering 

The typical fiber of the Seifert fibering 

r\G — >E-^B 

is the homogeneous space r\G. Then, what are the singular fibers? 

(1) Pick w e W over h € B. 

(2) Over w, find (r\G) x w in (r\G) x W. 

(3) Let Qw be the stabilizer of w. Then p~^{b) = QJ\{r\G) x w). 
Another way: 

(4) Over w, find G x w in G x W. 

(5) Let TTw be the subgroup of tt leaving Gxw invariant. That is, 1 ^ F - 
Qyj — > 1 is the puUback ofl^F— ^tt^Q— >1 via Qw ^ Q. 

Then p-^{b) = Q^\((r\G) x w) = 7r^\(G x w). 
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The diagram (of the Seifert fibering) restricted to G x w is 
G — > G X w — > w 



r\G 



(r\G) X w 



T\G 



(r\G) X w ^ 

II 

7r^\(G X w) 

We need to understand the action of Qw on (r\G) x w, or equivalently, the action 
of TTu, on G X w. 

The typical fibers, which are homogeneous spaces r\G, occur over 6 e S for 
which Qw = 1; that is, where Q acts freely. For example, if Q acts effectively 
on W and is a connected manifold, then the set of typical fibers will be open 
and dense in E. Each of singular fibers is a quotient of r\G by a finite group of 
affine diffeomorphisms of G. This is because when one restricts G x W to G x w, 
M(w,G)x (Aut(G) X TOP(w)) becomes r(G)xAut(G). 

Our group F injects into £{G) and tTw goes into M(m;, G)xAut(G) which is the 
same as r(G)xAut(G). But r(G)xAut(G) = ^(G)xAut(G) = Aff(G), because 
(a, a) = (a,/^(a)~^) o (l,^(a) o a) in M(M^, G) x Aut(G). Therefore, we have 



1 



1 



£iG) 



Aff(G) 



Aut(G) 



1 



1 



The 



Thus, TTyj acts onGxwcGxVFasa group of affine diffeomorphisms of G 

singular fiber p'^{b) ~ Trw\{G x w) is an infra-homogeneous space (see section 2.9 ) 



if the finite group Qw — 7r„,/F acts on F\G freely, and is an orbifold covered by 
F\G otherwise. □ 

2.9. Infra-homogeneous Spaces. For a discrete tt C Aff(G) for which tt acts 
properly on G and tt H G = F is of finite index in tt, we obtain an example of an 
injective Seifert fibering by choosing W = {w}, a point. We get 

7r\(G X {w}) -^B = {w}. 

This is an injective Seifert fibering with only one fiber, which is singular, and with 
typical fiber the homogeneous r\(G x {w}). 

We like to make more precise the geometry carried by the singular fibers of our 
Seifert fiberings. Endow G with the linear connection defined by the left-invariant 
vector fields. Since the parallel transport is the effect of the left translations on 
the tangent vectors of G, and hence clearly independent of paths; the connection is 
fiat. A geodesic through the identity element e G G are the 1-parameter subgroups 
of G and thus defined for any real value of the affine parameter. All geodesies are 
translates of geodesies through e and thus the connection is complete. One easily 
checks that the torsion tensor has vanishing covariant derivative. According to [ p3| 
Proposition 2.1], 

Aff(G) =^(G)xAut(G) 
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is the group of affine diffeomorphisms {— connection-preserving difFeomorphisms) 
of G, and (a, a) € GxAut(G) acts on G by (a,a)(x) = a ■ a{x) for all x £ G. For 
example, if G = R", Aff (K") = K" xGL(n, R), the ordinary affine group of R". 

Suppose TT is a discrete subgroup of Aff(G) and acts properly on G. Suppose 
r C TT n G and Q = n/T is finite. If tt acts freely on G, we call T\G a homogeneous 
space and the quotient n\G = Q\{T\G) an infra-homogeneous space. However in 
general, tt will not necessarily act freely and tt\G is then an orbifold (i.e. a V- 
manifold). One should notice that the finite regular (possibly branched) covering 
r\G tt\G is extremely nice since the action of Q came from Aff(G). 

The case where G is a simply connected abelian or nilpotcnt Lie group is es- 
pecially important for us. For G = R", 0(rt) is a maximal compact subgroup of 
GL(n,M). A uniform {— cocompact) discrete subgroup tt of R"xO(n) is called a 
crystallographic group. By a theorem of Bieberbach, tt n R" is isomorphic to Z", 
and is a lattice (=uniform discrete subgroup) of R". [In general, a lattice F of a Lie 
group G is a discrete subgroup such that F\G has finite volume. For a solvable Lie 
group G, this is equivalent to F\G being compact.] If tt is torsion-free, we call tt 
a Bieberbach group (=torsion free crystallographic group). Flat manifolds are the 
orbit spaces 7r\R", where tt is a Bieberbach group. Note that each flat manifold is 
finitely covered by a flat torus Z"\R". 

Let G be a connected, simply connected nilpotent Lie group. Choose a maximal 
compact subgroup G of Aut(G). A uniform discrete subgroup tt of GxG is called an 
almost crystallographic group. If it is torsion-free, it is called an almost Bieberbach 
group. An almost Bieberbach group tt yields an infra-nilmanifold 7r\G. Note here 
again that any infra-nilmanifold is finitely covered by the nilmanifold r\G, where 
r = TT n G. See |§ and |l| for more details. 

Thus, nilmanifolds are a generalization of tori, and infra-nilmanifolds correspond 
to fiat manifolds. It is also known that a manifold is diffeomorphic to an infra- 
nilmanifold if and only if it is almost flat. This term is due to Gromov. See [ p6[ for 
a proof of the above fact. 

3. Group Cohomology 

3.1. Introduction. The injective Seifert Construction entails embedding a dis- 
crete group TT into the universal group TOPg(G x W) in such a way that the 
following diagram of short exact sequences of groups commutes: 

1 — > r — > TT — > Q 



1 



(px p 



I 

1 — » M(W,G)xInn(G) — * TOPg(G x W') — > Out(G) x TOP(VK) 

Therefore, in order to understand when such constructions are possible and to 
classify them when they do exist, we need to investigate the general procedure 
for mapping one short exact sequence of groups into another. These results will 
be formulated in terms of the first and second cohomology of groups with not 
necessarily abelian coefficients. We will need the full generality of these results 
later as we build in more geometry to our Seifert Constructions by "reducing" our 
universal groups TOPg(G x W\ 

First, we shall recall some definitions and elementary properties of group exten- 
sions. Then we explain the correspondence between congruence classes of extensions 
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of abelian group A hy a, group Q in terms of the second cohomology of Q with co- 
efficients in A, H^{Q;A). If A is replaced by a non-abehan group G, we show 
that the congruence classes of extensions of G by Q, Opext(G, Q, (p) is in one-one 
correspondence with H^{Q; Z{G)), where Z{G) is the center of G. 

Next, we study the problem of mapping homomorphically one short exact se- 
quence of groups into another. Given one such homomorphism 9q, we show that 
all other possible homomorphisms are measured by the first cohomology group. 
Finally, if we change the extension of the initial exact sequence (measured by a 
second cohomology group) we determine when it too maps into the target exact 
sequence. 

3.2. Group Extensions. A group extension is a short exact sequence 

1->G^E^Q^1 

of not necessarily abelian groups. There is a naturally associated homomorphism 
If : Q ^ Out(G'), called the abstract kernel of the extension. This comes about 
as follows. Pick a "section" s : Q — > £' so that the composite Q ^ E ^ Q \s 
the identity map (s is not necessarily a homomorphism). We pick s(l) = 1. This 
defines a map tp : Q ^ Aut(G') (which is a lift of the abstract kernel f) given by 

where is the conjugation map. Even if Lp is not a homomorphism, it induces a 
homomorphism ip : Q ^ Out(G'), which is our abstract kernel. Of course, p does 
not depend on the choice of the section s. We say the group E is an extension 
associated with the abstract kernel p : Q Out(G'). 
Define f : Q x Q ^ G hy 

s(a)-s{p) = f{a,P)-s{aP). 

Then one can easily verify that 

^(a)o^(/3)=^(/(a,/?))o^(a/3) (2) 

/(a,l) = l = /(l,/3) (3) 

/(a, /?) • /(a/3, 7) = ^(a)(/(/3, 7)) • /(a, Pi) (4) 

for every a,/3, 7 £ Q. In fact, (0) follows from the definition of the map / above, 
follows from s(l) = 1, and (^) is a result of the associative law of G. 
Conversely, suppose we have maps p> : Q ^ Aut(G) (not necessarily a homo- 
morphism) lifting a homomorphism ip : Q Out(G) and f : Q x Q ^ G satisfying 
(U), (H) and (^). Then there exists an extension l^G— ^Q— >1 with the 
given abstract kernel (p. In fact, E' = G x Q as a set, and has group operation 

(a,a)-(&,/3) = (a-^(a)(6)-/(a,/3), a/3). 

Thus we have 

Proposition 3.2.1. For a given abstract kernel p : Q ^ Out(G), pick a lift p : 
Q — > Aut(G). Then the set of all extensions with abstract kernel ip is in one-one 
correspondence with the set of all maps f : Q x Q ^ G satisfying (^, (H) and (^). 
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Definition 3.2.2. Let (p : Q ^ Out(G) be a homomorphism, ip : Q Aut(G') 
be a lift, and f : Q x Q ^ G a, map satisfying (^) and (||). Then the group 
E = G X Q with group operation 

(a, a) ■ (6, /?) = (a • • /(a, /?), a/3). 

is denoted by G >^(f^ip) Q- 

Note that some abstract kernel tp : Q ~> Out(G) may not have any extension 
at all. When there is a lift (p which is a homomorphism (for example, when G is 
abelian), there exists at least one extension (by taking / = 1, the constant map), 
the semi-direct product G X(i^^) Q. As a set, this is G x Q, and the group operation 
is 

(a, a) ■ {b, j3) = (a ■ (p{a){b), a/?). 

Definition 3.2.3. Two extensions 

l^G^E-^Q^l and l^G-^£;'^g^l 

with the same abstract kernels are congruent if there is an isomorphism 9 : E ^ E' 
which restricts to the identity map on G, and induces the identity on Q. That is, 
the diagram 



1 — 


G 


E — 


Q - 


1 


1 — 


G 


^ E' — 


I- 

- g - 


1 



is commutative. 



Definition 3.2.4. Let ip : Q ^ Out(G) be a homomorphism, and ip : Q Aut(G) 
be a lift of (p. Then Opext(Q,G, ^) denotes the set of all congruence classes of 
extensions of the group G by Q with operator ip. 

Therefore, an element [/] 6 Opcxt{Q,G,ip) is represented by an extension 1 — > 
G ^ E ^ Q ^ 1 with E = G X(y'^) g. 

3.3. Fullback and Pushout. 

3.3.1. (Pushout) Let T be a subgroup of G. We say (G, F) has UAEP(unique 
automorphism extension property) if every automorphism of F extends to an au- 
tomorphism of G uniquely. For example, if G is a connected, simply connected 
nilpotent Lie group, and F is any lattice, then (G, F) has UAEP. In particular, 
(R",Z"), where Z" spans K", has UAEP. 

Let e : F G be an injectivc homomorphism. Suppose (G, e(F)) has UAEP, 
and 

1 — * F — > TT — yQ — yl 
is exact. Then there is a unique group E fitting the commuting diagram 

1 > F > TT — > Q — ^ 1 

1 — > G — > E — > Q — > 1 pushout by e : F ^ G 

Such a group E can be constructed as follows. Suppose [/] £ Opext(g, F, i^) is 
represented by the extension tt = F X(y Q. That is, tt = F x g as a set, and has 
group operation 

(a,a)-(6,/3) = (a-^(a)(6)-/(a,/3), a/3) 
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for a, 6 G r and a, (3 ^ Q. Recall that (p and / satisfy the equalities (3.1), (3.2) and 
(3.3) in section |3^. Since (G,r) has the UAEP, ip : Q Aut(r) can be viewed as 
^ : Q ^ Aut(r) ^ Aut(G') and f : Q x Q ^ T as f : Q x Q ^ T ^ G. With these 
new interpretations of ip and /, the equalities (3.1), (3.2) and (3.3) still hold. Now 
we can define E hy E = G X(j^^) Q. That is, i? = G x Q as a set, and has group 
operation 

(a,a)-(6,/3) = (a-^(a)(&)-/(a,/3), a/3) 

for a,b £ G and a,f3 £ Q. 

When e is an obvious inclusion i : T ^ G, we denote such an extension E simply 
by Gtt so that 

1 > T > TT — > Q — > I 

1 — > G — > Gtt — > Q — > 1 pushout by i : F — > G 



3.3.2. (Fullback) Let 

1 ^ G ^ P ^ P ^ 1 

be exact, and p : Q ^ P be a homomorphism. Then there is a unique group Q 
fitting the commuting diagram 

1 — > G — y Q — y Q — > 1 pullhack hy p : Q ^ P 




P 



1 — > G — > P — > P — > \ 

Such a group Q can be constructed as follows. Suppose [/] £ Opext(P, G, p) is 
represented by the extension P = G x ^^-j P. That is, P = G x P as a set, and has 
group operation 

(a,a)-(6,/3) = (a-(?(a)(6)./(a,/?), a/5), 

where ip : P ^ Aut(G) and f : P x P ^ G. Now, ip : P Aut(G) gives rise to 

p-.Q-^P^ Aut(G), and / : P X P ^ G gives rise to f : Q x Q ''^^ P x P ^ G. 
With these new interpretations of ip and /, the equalities (3.1), (3.2) and (3.3) still 
hold. Now we can define Q by, Q — G X(y Q. That is, Q = G x Q as a set, and 
has group operation 

(a, a) ■ {b, /3) = (a • p{a){b) ■ f{a, (3), a(3) 
for a,b £ G and a, f3 £ Q. 

3.4. Extensions with abelian kernel A and H^{Q; A). Consider the case where 
G = Ais abelian in the previous section. In other words, we try to classify all group 
extensions of an abelian group Ahy Q with abstract kernel </? : Q — > Out (A). Since 
A is abelian, Aut(^) = Out (A), and there is no need of having a lift p. Moreover 
(||) holds automatically. A map f : Q x Q ^ A satisfying the two equalities (||) 
and (^ is called a factor set (or 2-cocycle) for the abstract kernel p. The set of all 
factor sets is denoted by Z^{Q;A) or simply, by Z'^{Q;A). 
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Let X : Q ^ A he any map such that A(l) ~ 0. Define SX : Q x Q ^ A hy 

6X{a, (3) = X{a) + ip{a){X{(3)) ~ X{af3). (5) 

It turns out that such a is a 2-cocycle and is called a 2-coboundary. The set 
of all 2-coboundaries is denoted by B'^{Q;A). Clearly, B'^{Q;A) is a subgroup of 
Z'^{Q;A). Let fi,f2-QxQ^Ahe 2-cocycles. We say /i is cohomologous to /2 
if /i ~ /2 € B^iQ', A); that is, if there is a map X : Q ^ A such that /2 — /i = <5A. 
We define the second cohomology group as the quotient group 

H'^{Q:A)^Zl{Q;A)/Bl{Q-A). 

Since the abstract kernel (p : Q ^ Out (A) lifts to a homomorphism (p : Q ^ 
Out (A) = Aut(A), there is always an extension; namely, the semi-direct product 
AxQ. Then every 2-cocycle / S Z^{Q]A) gives rise to an extension of A by Q, 
which can be denoted by A x (j^ Q. Furthermore, it is easy to see that two cocycles 
/i and /2 yield congruent extensions A x^j^^-j Q and A x^j:^^) Q if and only if fi 
and /2 are cohomologous. Consequently, we have 

Opext{A,Q,ip) = H^^{Q;A) 

as sets, and they classify the extensions of A by Q with abstract kernel tp, up to 
congruence. It is customary to identify the zero element of H^{Q;A) with the 
extension class of the semi-direct product AyiQ. Then addition of the 2-cocycles 
in Z'^{Q;A) induces the group operations in H^{Q;A). 

3.5. Extensions with non-abelian kernel G and H^{Q; Z{G)). For any homo- 
morphism ip : Q —t Out(G), take any lift p : Q Aut(G). This, in turn, induces a 
unique homomorphism p : Q ^ Aut(Z(G)) by restriction (regardless which lift of 
p is chosen, and even if p was not a homomorphism). We shall define an action of 
H~{Q; Z{G)) on the set Opext(G, Q\ p) which will turn out to be simply transitive. 

Let g e Z|((5;Z(G)); that is, g : Q x Q ^ '2(G) satisfying the equalities (||) 
and of section ^.2\ For any [/q] S Opext(G, Q;p), define 

(5-/o)(a,/3)=5(a,/3)-/o(a,/3). 

Then, clearly, g ■ fo satisfies the equalities (^, (^) and (|^). Moreover, if two exten- 
sions Gxf^j^^^-^Q and Gx(^j^^^-^Q are congruent, so are Gxi^g.j^^^-^Q and Gxi^g.j^^^-^Q. 
Therefore 

{g, fo) ^ 9 ■ fo 
is an action of Z^{Q; Z{G)) on Opext(G, Q\ p). 

Suppose [g ■ f] = [J] for some [/] G Opext(G, Q; <^). Then one easily sees that 
g e B|(Q; Z{G)). This gives us a simple action oi H^{Q; Z{G)) on Opext(G, Q; p). 

Now we show that this action is transitive. Suppose /, /' e Opext(G, Q; p). Let 

g(a,/3) = /(a,/3)./'(a,/3)-i 
for all a,/3 G Q. Then g{a,P) lies in Z{G), and it is easy to check 

g:QxQ~^ Z{G) 

satisfies the equalities (^ and (^). Thus, g £ Z|((3;Z(G)). Consequently, we have 
shown the action of H^{Q; Z{G)) on Opext(G, Q; p) is simply transitive. Thus, 

Opext(G,Q,^)«i/|(Q;Z(G)) 
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as sets, and they classify the extensions of G by Q with abstract kernel <p, up to 
congruence. In general, however, there may not exist any extension of G by Q with 
the given abstract kernel. Moreover, even when there exists one, there is no a priori 
special element, like the semi-direct product GxQ, because the semi-direct product 
can be formed when and only when the abstract kernel lifts to an homomorphism 
into Aut(G). 

3.6. H^{Q;C) with a non-abelian C. The first cohomology is useful in classifying 
homomorphisms from one group to another. Let G be a group (not necessarily 
abelian) and (p : Q ^ Aut(G) be a homomorphism. We shall define the first 
cohomology set H^{Q; C). A map 77 : Q ^ G is called a 1-cocycle if it satisfies 

for all a,P G Q. The set of all 1-cocycles is denoted by Z^{Q; C). Two 1-cocycles 
r],r}' : Q ^ C are cohomologous if there exists c e G such that 

r]'{a) = c ■ r]{a) ■ ip{a){c~^) 

for all a € Q. The set of cohomologous classes of Z^{Q; C) is denoted by H^{Q; C). 
When G is abelian, H^{Q; C) is the ordinary first cohomology group. 

3.7. Mapping one group extension into einother. 
Definition 3.7.1. A diagram of short exact sequences of groups 

1 — > G — > E — > Q — > I 



1 — > G' — > E' — > Q' — > I 
is called half- commutative if i is an inclusion and 

(A) The right hand side square is commutative, and 

(B) For every x G E, i{x ■ a ■ x~^) = tlj{x) ■ i{a) ■ ip{x)~^ for all a G G. 



(6) 



Condition (B) is weaker than the left hand side square being commutative (i.e., 
ijj\G = i)- It simply means that 

i o ij.{x) = n'{'ij}{x)) oi:G^G' 

for all X G E. It is not required that iP\g = i- 

Let [/] G Opext((5, G, ip) represent the congruence class of the extension E. That 
is, E = G Q. The homomorphism ip : E E' gives rise to a map 

if' :Q — > Aut(G') 

by (p'{a) = ^'{ip{{l,aj), where fi' is conjugation in E' . Since ^(a) = /Lt(l,a), the 
two maps if : Q ^ Aut(G) and ip' : Q ^ Aut(G') are related by the commuting 
diagram 

G ^ G 



G' 



f'(oi) 



G' 



This shows that <^'(a) maps z(G) onto itself, and hence G = CG'{i{G)), the cen- 
tralizer of i(G) in G', onto itself also. 
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Theorem 3.7.2. Let ijj : E ^ E' be a homomorphism which makes the diagram 
(||) half commutative. Let E = G Q , and define (^'(a) = a)) for a ^ Q 

{fi' is conjugation in E'). Then, 

(1) There exists a homomorphism : E ~* E' making the diagram 

(7) 



1 - 


G — 


E - 


Q - 


1 


1 - 


^ G' - 


V 

E' ^ 


Q' - 


1 



commutative if and only if there exists a map X : Q ^ C = CG'(i{G)) satis- 
fying 

i{f{a, (3), 1) • A(a/3)-i = X{a)-' ■ ^'(a)(A(/3)-i) • i;{f{a,f]), 1). (8) 
for all a, f3 Q. 

(2) Suppose that there exists a homomorphism 0q : E E' as above. Then fi' o 0q 
induces a homomorphism ip" : Q —> Aut(G). 

The set of all 9 's fitting the diagram, up to conjugation by elements of G' 
(in fact, ofG), is in one~one correspondence with H^,,{Q;C). 

(3) Suppose that there exists a homomorphism Oq : E —>■ E' as above, and that 
i{Z{G)) C Z{G'). Let [£"'] £ Opext{Q,G,ip) be an extension. Then there 
exists a homomorphism E" —^ E' completing the diagram if and only if 

[E"]~[E] e KeT{i,:H^{Q;Z{G))^H^iQ;Z{G'))}. 

Proof. (1) The extension E is G x Q with group law 

(a,a)-(&,/3) = (a-^(a)(fe)-/(a,/3), a/3). 

Then 

(l,a)(a,l)(l,a)-i = (^(a)(a),l). 

Suppose there is a homomorphism : E E' making both squares commutative. 
Then 

e{l,a) ■i{a,l)-e{l,a)-'^ = 9{{1, a){a,l){l, a^^) 

= z((l,a)(a,l)(l,a)-i) 
= ip{l,a) ■ i{a,l) • ipi^jo) ^■ 

Since conjugations of i(a,l) by 9{l,a) and ip(l,a) are the same, their difference 
must he in the centrahzer of i{G) in G'. In other words, there exists a map 

X:Q^G = GG'{t{G)) 

so that 9{1, a) — X{a)^^ ■ a). Thus, in general, 

e{a,a) =0{a,l)-0{l,a) 



Now 



=9{f{a,(3),af3)) 

= /3),l).A(a/3)-i.V(l, a/9). 



(9) 
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On the other hand, 

9{1, a) ■ 0(1, p) ^ (A(a)-i • V(l, a)) ■ (A(/3)-i • ^(1, (3)) 

= A(a)-i • {V(l, a) ■ A(/3)-i • V(l, a)-^} ■ {V^l, a) • ^(1, /?)} 

= A(a)-i •^'(a)(A(/3)-i)-V(/(a,/3),a/?) 

= A(a)-i • ^'(a)(A(/3)-i) • 1) • ^{l, a/3) 

(10) 

From the equahties (^ and (|l^), we get 

i{f{a, /3), 1) • A(a/3)-i = A(a)-i • ^'(a)(A(/3)-i) • ^(/(a, /?), 1). 

Conversely, suppose there exists X : Q ~> C satisfying this equahty. One simply 
defines : E ^ E' hy 

9{a, a) — i{a, 1) • X{a)~^ ■ '0(1, a). 

We claim that is a desired homomorphism. This is shown by a series of calcula- 
tions: 

e{a,a) ■e{b,(3) 

= {i{a, 1) • A(a)-i • V(l, a)} ■ {i{b, 1) • X{P)~^ ■ /?)} (definition of 0) 
= i{a, 1) • A(a)-i • {V(l, a) • i{h, 1) • V(l, a)~'}- 

{7A(1, a) • A(/3)-i • V(l, a)-i} • {^'(l, a) ■ ^'(l, /?)} 
= i{a, 1) • A(a)-i • ^' («)(*(&, 1)) • ^'(a)(A(/3)-i) • 0(/(a, /5), a/3) 

(since -0 is a homomorphism and {\,a){l, (3) — {f(a, I3),a(3)) 
= i{a, 1) • ^'{a){i{h, 1)) • A(a)-i • ^'(a)(A(/3)-i) ■ 0(/(a,/3), 1) • 0(1, a/3) 

(A(a)-i e C) 

= *(a, 1) • z(^(a)(6, 1) • {A(a)-i ■ ^'(a)(A(/3)-i) • ^(/(a, /3), 1)} • V(l,J^/3) 

(iy9'(a) o i = i o ip{a)) 

= i{a, 1) • ima){b, 1) • {z(/(a, /3), 1) • A(a/3)-i} • V(l, «/?) (equality (|)) 
= i(a • (?(a)(6) • /(a, /?)) • A(a/3)-i • ^'(1, a/3) 

= eia ■ ^(a)(&) • /(a, /3), a/3) (definition of 61) 

= 0{{a, a) ■ {b, 13)). (group operation in E) 

(2) For X & E, c ^ C — Cg'(*(G)) and a G G, it is easy to see that n'{9o{x)){c) 
and i{a) commute with each other. This shows that the homomorphism E 

E' Aut(G"), where is conjugation in £", leaves C invariant. Therefore we 
have a homomorphism 

E^E' ^ Aut(C). 

Furthermore, for a G G, 

oeQ){a)= ^l'{^{a)) 

is trivial on C . Thus E Aut(C) factors through Q. We have obtained a homo- 
morphism 

ip" = fi' o0o:Q ^ Aut(C). 

(Note that cp" is actually a homomorphism, even though ip : Q ^ Aut(G') is not). 
Let 6 : E ^ E' he a homomorphism fitting the diagram. Then 9 must be of the 
form 

e{a) = rKa)0o(a) 
for some map rj : E G' . It is easy to verify that rj satisfies 

??(a/3) = 77(a) • eoia)vi/3)eoia)-' = ??(«) • ifi" ia){r,{p)). 
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Since 9\g — i — OqIg, we have 77(a) = 1 for all a E G. For any a ^ G and a ^ E, 
ri(aa) — 77(a) from the above equality. Moreover, 77(0:) = rjla ■ (a^^aa)) — 77(00;) = 
77(a) ■ 9o{a)r]{a)9o{a)~^ = 1 ■ i{a)r]{a)i{a)~^ = i{a)ri{a)i{a)^^ . This shows 77 has 
values in the centralizer C = CG'{i{G)). Thus 

7/:0^C = Cg'(*(G)), 



and hence 7/ e Zh,{Q\G). See section 3.6 



Conversely, a map rj : Q G satisfying the cocycle condition gives rise to a 
homomorphism rj ■ 6q : E ^ E' . Consequently, 

T] < — > 77 • 00 

is a one-one correspondence between Z^,,{Q; G) and the set of all homomorphisms 
E ^ E' inducing i and 9 on G and Q, respectively. 

Let 7/, rj' e Z^„ (Q; C), and suppose there exists c G C such that 

(7/.0o)(a)=c-(7/.0o)(a)-c-i 
for all a E E. This is equal to 

77' (a) = c • 77(a) • <^"(a)(c"^); 

i.e., 

[77'] = [77]ei/i„(Q;C). 

Consequently, H^,,{Q;G) classifies all homomorphisms E ^ E' inducing i and 9 
on G and Q, respectively, up to conjugation by elements of G. 

(3) Let 

l^G'^S^Q^l 
be the pullback (see subsection 3.3.2| ) of the exact sequence 1 ^ G' ^ E' ^ Q' ^ 1 



via 9 : Q ^ Q' . For any 1 G ^ E" ^ Q ^ 1, there exists a homomorphism 
"> £" making the diagram 

1 — > G — > E" — > Q — > 1 

i I 9 

1 — > G' — > E' — > Q' — > 1 

commutative if and only if there exists a homomorphism E" £ making the 
diagram 



1 - 


G - 


E" - 


Q - 


1 


1 - 


G' - 


1 


Q' - 


1 



commutative. Suppose 9q : E ^ E' exists as in the diagram (^. This yields 
E ^ S.We identify 

Opext(G,g,(^) « H^{Q;Z{G)) 
Opext(G,Q,^') « H^iQ;Z{G')). 

Since i{Z{G)) C Z{G'), i : Z{G) Z{G') induces a homomorphism 



: H^{Q-,Z{G)) H^{Q-Z{G')). 



Then, clearly, \E"] e Opext(G, Q, Lp) can map into [E'] (or, equivalently into 8) if 
and only if [E"] - [E] G H'^{Q; Z{G)) maps to £ H^{Q; Z(G')). □ 
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Unless there is one definite extension E and a honiomorphism one cannot 
conclude that there is a homomorphism E" E' using this cohomology homo- 
morphism. On the other hand, suppose that there is an extension E and a ho- 
momorphism E E' , and that H^{Q; Z{G')) — 0. Then every extension is in 
the kernel of H^{Q; Z{G)) — > H^{Q; Z{G')), and hence every extension with the 
abstract kernel can be mapped into E' . 



4. Seifert Fiber Space Construction with TOP g{G x W) 
4.1. Introduction. Recall, from Lemma [2.5.3 , that the group of all weakly G- 



equivariant self-homeomorphisms of G x is 

TOPg(G xW) = M(M/,G)x(Aut(G) x TOP(VF)), 

the universal group for a Seifert Construction. 

Let F C G be a discrete subgroup, p : Q ^ TOP(VF) a properly discontinuous 
action, and l^F^Tr^Q^la group extension (with abstract kernel ip : Q ^ 
Out(G)). 

Our goal is to find a homomorphism 9 : tt ^ TOPg(G x W) which makes the 
diagram 

1 > F > TT — > Q — 

1 — > M(M^,G)xInn(G) — > TOPg(G x VF) — > Out(G) >^TOP(VF) — 
commutative. 

The construction of a homomorphism 9 : n ^ TOPg(G x W) wil l be achieved 



in two steps. First, we map tt into a group Gtt (see subsection |3.3.lD , and second 
Gtt into TOPg(G x W). 

For the first step, we require, in addition, that F be a lattice in a simply con- 
nected completely solvable Lie group or a semi-simple Lie group for which Mostow's 
rigidity theorem holds. Then we stack the two steps together to get our desired 
homomorphisms. A complete proof for the abelian case is given. The other cases 
rely heavily on the abelian case, and we sketch and reference the proofs for them. 

As it turns out, the proofs of the existence also leads to uniqueness and rigidity 
theorems for these homomorphisms. The meaning of existence, uniqueness and 
rigidity are then explored, for it is these properties on which many of the appli- 
cations of the Seifert Construction are based. Finally, we observe that the main 



theorem 4.3.2 of this section remains valid in the smooth category. We treat the 



second step first. 



4.2. Mapping an extension of G into TOPg(GxVF). Interpreting the algebraic 



criterion of Theorem 3.7.2 with E = Gn and E' TOPg(G x TF"), we get 



Proposition 4.2.1. Let p : Q ^ TOP(W) be a properly discontinuous action, 
and 1—>G~>E-^Q~*1 an extension with abstract kernel ip. Suppose [f] £ 
Opext(Q, G, if) represents the extension E. That is, E = GX(j^^) Q (see subsection 
3.2.^ . (Then ^ : Q ^ Aut(G) and f : Q x Q ^ G satisfy the equalities (|), (||) 



and (fD of section p. 
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(1) There exists a homomorphism 9 : E TOPg(G x W) making 

1 — > G — > E — y Q 

e e ["fi^p 

1 — > M(W,G)xInn(G) — > TOPg(G x — > Out(G) x TOP(H/) - 
commutative if and only if there exists a map X : Q M{W, G) satisfying 
f{a, (3) = {ip{a) o A(/3) o p{a)-^} ■ A(a) ■ X{a(3)-^ G r(G) C M{W, G) (11) 

for all a, (3 ^ Q. [Compare this with the equaHty (||) defining SX]. 

(2) Suppose there exists a homomorphism 6q : E ^ TOPg(G x W) as above. 
Then /i' o 6q is conjugation in TOPg(G x W)) induces a homomorphism 
if" : Aut(M(VF,G)). 

The set of all 9 's fitting the diagram, up to conjugation by elements of 
M{W,G), is in one-one correspondence with H^,,{Q;M{W,G)). 

(3) Suppose that there exists a homomorphism 9o : E —y TOPg(G x W) as above. 
Then 9o{Z(G)) C M{W,Z{G)). Let [E"] e Opcxt(Q,G,^) be an extension. 
Then there exist a homomorphism E" TOPg(G x W) completing the di- 
agram if and only if [E"] — [E] lies in the kernel of 1^, : H^{Q; Z{G)) — > 
H^{Q;M{W,Z{G))). 

Proof. (1) We apply Theorem t3.7.2| (1) to the diagram 

1 — y G — > E — > Q 

£ X p 

1 — > M(M/',G)xInn(G) — > TOPg(G x M^) — > Out(G) x TOP(iy) - 

Let V : £^ ^ TOPg(G x W) be given by 

Tpia) = (l,(^(5),p(5)) e M(iy,G)x(Aut(G) x T0P(T4^)), 

where ^(5) G Aut(G) is conjugation in E, and p : E ^ Q ^ TOP(M^) (abuse of 
notation) is the given properly discontinuous action of Q on W . In particular, 

tp{l,a) = (l,(^(a),p(a)). 



Conditions (A) in section 3.7 is easily checked. For (B), Let a £ G and a £ E. 
Then 

£(S-a-5-i) =^(^(5)(a)) 

= (<?(5)(a)-\/i(^(a)(a)),l). 

On the other hand, 

^(5) ■ iia) ■ V;(5)"i - (1, ^(5), p(5)) 1) • (1, <?(5)-\ p(5)-i) 

= {'P{a){a)-\n{(p{a){a)), 1). 

Thus, 

e{a-a- a-i) = Tp{a) ■ e{a) ■ ipia)''^ 

as we wanted. 

Now we examine the equality (^. 

£{fia, (3)) ■ X{af3)-^ = (/(a, py^Kfio', /?)), 1) • (A(a/?)-i, 1, 1) 
= (A(a/3)-i •/(a,/3)-i,/x(/(a,/3)),l). 
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while 

A(a)-i •^'(a)(A(/3)-i)-V(/(a,/3)) 



(A(a)-i, 1, 1) • {V(l, a) ■ A(/3)-i • V(l, a)-^} ■ {l,fi{f{a, /?)), 1) 
(A(a)-i, 1, 1) • {(1, ^(a),p(a)) ■ (A(/3)-i, 1, 1) • (1, ^(a), 
(l,/i(/(a,/3)),l) 

(A(a)-i, 1, 1) • ma) o A(/3)-i o p{a)-\ 1, 1) • (1, /.(/(a, /3)), 1) 
(A(a)-i ■ {^(a) o A(/3)-i op(a)-i},M(/(a,/3)),l) 



Therefore, 



£(/(«,/?)) • A(a/3)-i = A(a)-i • lf{a){X{(3)-') ■ ij{f{a,f3)) 
if and only if 

A(a/3)-i • /(a, py' - A(a)-i • {^(a) o A(/3)-i o 
or equivalently, 

/(a, /3) = {^(a) o A(/3) o p(a)-i} • X{a) ■ X{af3)-' 

as elements of G. This is the identity (p]). 

(2) Suppose there exists a homomorphism 9o : E ^ TOP g{G x W^) as above. 
Since £{0) is normal in TOPg(GxT^), and the centralizer of ^(G) in M{W, G) xInn{G) 
is M{W,G), M{W,G) is normal in TOPg(G x W). Consequently, conjugation by 
elements of TOPg(G x W) leaves M(py, G) invariant, and fi' o 9q induces a homo- 
morphism (fi" : Q Aut(M(H/, G)). The rest is clear. 

(3) Observe that the center of M{ W, G) x Inn(G) isU{W,Z{G)) so that ^(Z(G)) C 
M(T/F, Z{G)). Now apply Theorem |3.7.2| (3). □ 



Remark 4.2.2. When the condition (|l|) is satisfied, vanishing of H^{Q; M[W, G)) 
and i/^((5; M(VF, Z(G))) (e.g., if Z{G) is contractible) yields strong consequences 
by the statements (2) and (3). Namely, 

(2) TJie homomorphism 9 htting the diagram is unique up to conjugation by 
elements ofM{W,G). 

(3) Every extension with the abstract kernel (p can be mapped into TOPg (G x W) . 



The vanishing of H^{Q; M{W, Z{G))) only says that there is at most one extension 
of M(W, G)xInn(G) by Q for a given abstract kernel. This alone is not necessarily 
enough to guarantee that the condition ( ITTl ) is automatically satisfied because the 
coefficient groups G and M(W, G)xInn(G) have distinct "operator groups". On the 
other hand, we have the following important observation. 



Theorem 4.2.3. If ipc : Q ^ Aut(M(VF, G) xlnn(G)) ^ Aut(M(VF,G) ) is a 
homomorphism, and H^{Q;M{W, Z{G))) = 0, then 9 exists as in Proposition 4-2.1 , 
and consequently condition nin) is satisfied. 



Proof. Let 

be the puUback of 1 
Out(G) X TOP(VK) 



-^M(W^,G)xInn(G) 

M(W,G)yilnn{G) - 
1. Then 



M(W, G) X (Aut(G) X TOP(VK)) 



f = (M(W^,G)xInn(G))x(„,^) 
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for some maps : Q ^ Aut(M(VF, G)xInn(G)) and /i : Q x Q ^ M(VF, G)xInn(G) 
satisfying 

^(a)o^(/3) =^(/i(a,/3))o^(a/?) 
= 1 = h{l,l3) 

for every a,/3,7 6 Q. Note that the pair {h,ip) is not unique. (In fact, each 
^(a) can change by conjugation by an element of M(iy, G)xInn(G), and h changes 
accordingfy). The map Ip induces two maps Lpc ■ Q Aut(G) and ipc '■ Q — > 
Aut(M(T4^, G)). The second map in the definition of ipc is obtained as follows. Since 
M(M^,G)xInn(G) = ^(G) X2(g) M(T4^, G), and ^(G) is normal in TOFg{GxW), an 
automorphism of M(W, G) xlnn(G) leaving £{G) invariant induces an automorphism 
of M(M^, G). Also (pG induces a homomorphism ip : Q ^ Out(G). 
Now let 

1 G ^ £; ^ Q ^ 1 

be any extension with abstract kernel (p : Q Out(G). Then there exists a map 
f : Q X Q ^ G such that E = G x^j^^^) Q satisfies 

^G(a) o <?g(/3) = P)) ° <?G(a/3) 

/(a,l) = l = /(l,/3) 

/(«,/?) • /(a/3,7) = (a) (/(/?, 7)) ' /(«,/37) 

for every a,/?, 7 € Q. Let us examine the first equality. This equality holds in the 
group Aut(G). Now /(a,/?) G t{G) and M(W, G) = G centralizes £{G). Hence 
/i(/(a,/3)) on G is trivial. If we replace (pa in the first equation by ipc^ then the 
equation is satisfied on M[W,G) in M(W, G) xlnn(G) because iJ,{f{a,/3)) is trivial 
and tpc is a homomorphism. Since £{G) and M(W,G) generate M(W, G) xlnn(G), 
the first equality still holds in M(W, G)xInn(G) if we replace ipc with ip. Because 
v\e{G){c(){Kg)) = K^G{oi){g)), the remaining equalities hold inside M(Vl^,G)xInn(G) 
if we interpret f: QxQ^Gasf: QxQ^ £{G) C M{W, G)xInn(G). Conse- 
quently, E — G X(/_^g) Q is sitting in £' = (M(Vl^, G) xlnn(G)) X(^f^^-^ Q. 

Now, if H'^{Q; M{W, Z{G)) = 0, the extensions £ and £' are congruent, and we 
have a desired homomorphism E £. This theorem will be used to prove Theorem 

4.3. Construction with TOPg(G x W). 

4.3.1. We shall say a discrete group T is special if F is isomorphic to a lattice in 
any one of the following Lie groups G: 

(51) R*^ for some fc > 0, 

(52) a simply connected nilpotent Lie group, 

(53) a simply connected completely solvable Lie group; that is, for each X E Q, 
the Lie algebra of G, ad(A') : G ^ Q has only real eigenvalues. 

(54) a semi-simple centerless Lie group without any normal compact factors and 
if G contains any 3-dimensional factors (i.e., PSL(2,M)), then the projection 
of the lattice to each of these factors is dense. 
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We shall also call the Lie group G special. Such groups possess ULIEP (Unique 
Lattice Isomorphism Extension Property). That is, any isomorphism between such 
lattices extends uniquely to an isomorphism of G. Even more generally, if is 
a lattice in a special Gi {i = 1,2), then any isomorphism : Fi — > r2 extends 
uniquely to an isomorphism 5* : Gi ^ G2. 

Notice that: type (Sl)=^ type (S2)=^ type (S3). 



The following is the main construction. Its proof is deferred until section 4.5 . 

Theorem 4.3.2 (||l|,[||,||, |30)). Let T C G be a special lattice. Let p : Q ^ 
TOP(VK) be a properly discontinuous action. Then for any extension 1 — > F — *■ 
TT — > Q ^ 1 (with abstract kernel ip : Q Ont{G)) the following are true: 
(1) Existence: There exists a proper action 6 : t: TOPg(G' x W) making the 
diagram 

1 > F > TT — > Q — 



1 



1 — > U{W,G)>ilnn{G) — > TOPg(G x 14^) — > Out(G) >^TOP(M^) — 

(12) 

commutative. For completely solvable G we have in addition: 

(2) Uniqueness: Congruent extensions are conjugate in M(T/F, G) C TOPg(G x 
W). More precisely, suppose 61,62 : tt — > TOPg(G x W) are two homo- 
morphisms which fit in diagram ( [l^ ) with fixed t and Lp y. p, then there exists 
A G M(W", G) such that 62 = ^^iX) o 61. 

(3) Rigidity: Suppose 61,62 : tt — > TOPg(G x W)) are two homomorphisms 
which fit in the diagram ( |l^ ) (possibly with distinct i and p). Then there 
exists {\,a,h) g TOPg(G x W) such that 62 ~ p{X,a,h) 061, provided that 
P2 = p{h) o pi. 

Uniqueness and rigidity for the semisimple case (S4) will be discussed in sections 
15?^ and 



4.4. The Meaning of Existence, Uniqueness and Rigidity. 

4.4.1. (Existence) Suppose there exists 6 : tt ^ TOPg(G x W) making the di- 
agram (|l^ ) commutative. Then 6{tt) acts properly on G x W. This yields the 
injective Seifert fibering 



e{T)\i{G) — > 6{tt)\{G xW)^ q\w 
with the typical fiber F\G and base Q\W. We have explained the properties of 



such a fibering, and its singular fibers in subsections 2.7, 2.8 andE 



4.4.2. (Uniqueness) Let 60, di be homomorphisms of tt into TOPg(G x W) such 
that 



TT ^ Q 

M(VF,G)>^Inn(G) — > TOPg(G x PF) — > Out(G) x TOP(W^) 
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is commutative. If there exists A G M{W,G) such that di — /Lt(A) o Oq, the map 
X : W ^ G induces a homeomorphism of G x by 

X{x, w) — (x ■ {\{w))^^ , w), 

see section This, in turn, yields a homeomorphism [A] : — > §4^- As 



the commuting diagram shows 



Mo =(i-^ ^ f>iJ^ =Mi 

p{Q)\W ^ p(Q)\W^ 

the map [A] induces the identity map on the base space. In fact, A is G-equivariant 
(that is, it commutes with the left principal G-action). Such spaces Mq and Mi 
are said to be strictly equivalent. 

When G is s pecial of type (SI), (S2) or (S3); or W is contractible, of type (S4) 
(see subsection 4.3.1), A is homotopic to the constant map e : ^ G (e is the 
identity element of G). Then the path {At:0<i<l} gives rise to a continuous 
family of homomorphisms 0f : tt — > TOPg(G x W) by 

et{a) ^ Xt ■ Ooia) ■ X^^ 

for 5 G TT, and consequently a continuous family of homeomorphisms 

GxW GxW 

Thus can be deformed to by moving just along the fibers. In fact, the 

family Xt G x W ^ G x W is G-equivariant. If 6'o(7r) commutes with £{G), then 
the deformation [6t] is G-equivariant. 

4.4.3. (Rigidity) Let Oq, Oi be homomorphisms of tt into TOPg(G x W) such that 



Q 

Out(G) X TOV{W) 



1 — > M(W,G)xInn(G) — > TOPg(G x W') 

is commutative. If there exists (A, a, h) G TOPg(G x W) such that 6i — fi{X, a, h) o 
6o, the map (A, a, /i) : G x — > G x T4^ induces a homeomorphism [A, a, h] 

[\,a,h] 



Mo 



GxW 



GxW 



Ml 



Po{Q)\W PiiQ)\W 

which preserves the fibers. More precisely, [A, a, h] is defined by 

[A, a, h] {[x, w]) = [(A, a, h)(x, w)] . 

Since (A, a, h) o 9o{a) = Oi{a) o (A, a, h) for all a G tt, the map [A, a, h] is well- 
defined. Further, {X,a,h){x,w) — {a{x) ■ Xh{w),h{w)) shows that [A, a, ft.] is a map 
from Mo to Mi. That is, [X,a,h] is the descent of the weakly equivariant fiber 
preserving map (A, a, h) sending G fibers to G fibers. Such spaces Mq and Mi are 
said to be equivalent. 
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The conjugation of by (A, a, h) is called a Seifert automorphism of G x W. 
The induced homeomorphism [A, a, h] : Mq Mi is called a Seifert equivalence or 
Seifert automorphism. 

If r is characteristic in tt, any automorphism of tt induces an automorphism of 
r and Q. Consequently, if Mq and Mi are Seifert fiber spaces modelled on G xW 
which have the same fundamental group (or "orbifold fundamental group" ) they are 
equivalent as Seifert fiber spaces, provided that the base spaces are rigidly related, 
(i.e., there exists h £ TOP(M^) for which pi = n{h) o pq). 

Similarly, if r : tt — > tt' is an isomorphism carrying T isomorphically onto F', 
and inducing an isomorphism t : Q ^ Q' , then the analogous rigidity statement 
for M = 9{tt)\{G X W) and M' = 6l'(7r')\(G x W) holds, cf 8.5] and |5|, 2.4]. 
More precisely, if there exists h e TOP(M^) such that ii{h) o p ^ p' or, then there 
exists h = (A, a, h) £ TOPg(G x W) such that 6' ot = p(h) o 6. 

Example 4.4.4 (When VF is a point). Suppose W — {p}, a point. Then 

TOPg(G x W) = M(p,G)x(Aut(G) x TOP(p)) 
= r(G)xAut(G) 
= £(G)xAut(G). 

Also, note that M{p, G)xInn(G) = r(G)xInn(G) = ^(G)xInn(G). Since Q acts on 
W properly, Q must be a finite group. 



We assume that F C G is a special lattice, and apply Theorem 4.3.2 . Then 
diagram becomes 

1 > F > TT — > Q — > I 

[e 

1 — > ^(G)xInn(G) — > £(G)xAut(G) — > Out(G) — > 1 
Furthermore, since £(F) C ^(G), the above diagram induces 

1 — > F — > n — > Q — > 1 

[e [e 1^ 

1 — > £{G) — > ^(G)xAut(G) — > Aut(G) — > 1 

where ^ is a homomorphism lifting tp. [In particular, this shows that, for special 
G, the abstract kernel cp : Q ^ Out(G) (with Q finite) lifts to a homomorphism 
^: Aut(G)]. 

Consequently, 9{n) C £(G)xG for a finite subgroup G C Aut(G). This means 
that there exists a Riemannian metric on G for which d{Tr) C Isom(G). 

Assume that 9 is injective. (Recall that the kernel of 9 is finite. Also, note that 
if TT is torsion free, 9 is injective.) For K" = G, tfiQ) hes in a compact subgroup 
of GF(n,R) and can be conjugated within GL(n,K) to 0(n) and consequently, by 
rigidity, 9{tt) is conjugated by an afhne diffeomorphism into the group of Euclidean 
motions E{n) = IR"xO(n). An injective Seifert fiber space modelled on K" x point 
is a flat manifold if tt is torsion free, and a flat orbifold otherwise. Similarly, if 
G is a connected, simply connected nilpotent Lie group, an injective Seifert fiber 
space modelled on G x point is an infra-nilmanifold if tt is torsion free, and an 
infranil-orbifold otherwise. (Moreover, in both cases, each such manifold (or orb- 
ifold) must arise in this fashion.) Since VF is a point, the rigidity on W always 
holds, and by the rigidity theorem, any two infra-G-manifolds modelled on special 
G with isomorphic fundamental groups are "affinely" diffeomorphic. (Recall that 
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TOPg(G X W) reduces to GxiAut(G) in this case.) This generaUzes the classi- 
cal result of Bieberbach's from crystallographic groups to almost crystallographic 
groups in the nilpotent case. 



4.5. Proofs of Theorem 4.3.2. There are two steps. First we map tt into an 



extension £^ of G by Q, and second we map E into TOPg(G x W). 

4.5.1. Every special Lie group G has the ULIEP. For every G with ULIEP, let 
1— ^r^TT^Q— >lbean extension which represents / £ Opext(r, Q, ip) 
satisfying (|), (|) and 
i : r ^ G to obtain E 
the diagram 

1 - 



) of section 3.2. One can form a pushout by the inclusion 
Gtt. See subsection p. 3.1 . Then / e Opext{G , Q , ip) and 



G 



E = Gn 



Q 



Q 



is commutative. 



4.5.2. Now in order to map E into TOPg(G x W), we apply Proposition 4.2.1 for 
the cases (SI), (S2), and (S3). These cases depend upon the abelian case whose 
proof we give in complete detail. When G = M'^' is abelian, the existence of A in 
the equality ( p]) 

/(a, /3) - (^(a) o A(/3) o p{a)-^) ■ A(a) • X{a(3)-' 

means that [/] will have to be in iJ^((5; M(VK, R'^)). The following Lemma takes 
care of this problem: 

Lemma 4.5.3 (|l^, Lemma 8.4] and ||l2|. Theorem 7.1]). Let p : Q W be a prop- 
erly discontinuous action with Q\W paracompact. For any homomorphism ip : 
Q — > GL(fc,M), and an action of Q on M(VF, R'"') by a ■ X = (p{a) o A o p(a)^-^, 
H'{Q; M{W, M'=)) = for all i > 0. 

Proof. We shall prove the lemma, as was done in |jll|, for Q\W compact. For the 
general case we refer the reader to |l^ . Let be a neighborhood oi x d W with 
the property that QxUx = Ux and such that if Ux H aUx 7^ 0, then a G Qx- Let 
Vx = QUx- Take M(K) C M{W, M.^) to be the submodule of all maps with support 
in Vx. Similarly, M{Ux) C M{Vx) C M{W,M^) is the subspace of aU maps with 
support in Ux, and M{Ux) is a Q^j-module. Then 

HomzQ,(ZO;M({/,)) « M{Vx) 

because ZQ is a free liQx module with a basis given by choosing coset representa- 
tives. Using Shapiro's lemma, it follows that 

H*{Qx;M{Ux)) « H*{Q-M{Vx)). 

(See, e.g., ]|l^. Chapter X, Proposition 7.4] or |, Chapter III 5.8 and 6.2]). Now 

H'^{Qx] M{Ux)) = for all i > 1, because Qx is a finite group and M{Ux) is an 
M-vector space. 

If y ^ Q{x), then neighborhoods Ux and U'y can be chosen so that Vx ^U'y — ^ 
because Q acts properly discontinously on W. This insures that Q\W is Hausdorff 
(and completely regular). Because Q\W is compact, there exists a finite set of 
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points xi,X2, ■ ' ' T^n with neighborhoods Uxi , , • ■ ■ , Ux„ as above whose images, 
' ' ■ ■ ■ J ^a:*„ Q\^ cover Q\W. Take a partition of unity subordinate to this 
open covering. By composing each partition function with the quotient map W — ^ 
Q\W, we get a partition of unity Ci, £2 • • • , on subordinate to Vi, V2, ■ ■ ■ , Vn, 
where Vi — P^^iV* ) — Qxi{Uxi)- Each partition function satisfies ej{aw) = £j{w), 
for all a ^ Q, w W . Now multiphcation by is a Q-module homomorphism of 
M{W,M'^) into M{Vj). Consequently, there is induced homomorphisms ej^ and the 
commutative diagram 

H*{Q;M{W,R'') ^ H* {Q;MiW,R'') 

|ej„ ?*| (13) 

H*{Q-M{V,)) ^ H*{Q-MiVj)) 
with ei^ + £2* + ■ • • + En* = identity. This yields the lemma. □ 



4.5.4. For a nilpotent Lie group G, one shows that the equation 

/(a, /3) = (^(«) o A(/3) o p(a)-i) • A(a) • A(a/3)-i 

has a solution for A. One reduces this problem to iterated applications of H^{Q; M{W, M''') 
to guarantee the existence while H^{Q;M{W,BJ') = for the uniqueness. The 
readers are referred to [E5| for the details in the nilpotent case. 



4.5.5. Theorem 4.2.3 is used to prove the existence in the completely solvable and 
type (S4) cases as well as providing a different procedure to that used in |^ for 
the nilpotent case. Details can be found in |4l| . Theorem 3]. The uniqueness for 
the completely solvable case is not given in ]4l|] but it can be obtained inductively 
from the nilpotent case. 

Rigidity in the abelian case was first proved by a cohomological argument, [ pT| 
§8.5]. In the nilpotent case, rigidity follows from uniqueness and ULIEP, §2.4]. 
In fact, the same argument works for completely solvable G. 



4.5.6. Suppose Aut(G) splits as Inn(G)xiOut(G) , andZ(G) = (for example, G of 
type (S4)). If we replace M(VF, G) by r(G) and TOPg(G x ly) by r(G) x (Aut(G) x 
TOP(V)) C TOPg(G X W), then a homomorp hism 6 : E r(G)x(Aut(G) x 
TOP(M^)) exists (with ^Jg = ^ on G) by Theorem [i^ . Thus E maps into 



r-(G)x(Aut(G) X TO¥{W)) = (£(G)xAut(G)) x TOP(VF). 

This induces two homomorphisms E — ^ £(G)xAut(G) and E TOP(VK). Conse- 
quently, the action of on G x is diagonal. 

Note that uniqueness does not hold in (£(G) x Aut(G)) x TOP(VK) for P x Q. The 
different strict equivalence classes are in 1-1 correspondence with H^(Q;r{G)) = 
conjugacy classes of representations of Q into r(G). 

4.5.7. In ]|5^, yet another construction is given in the (S4) case. Instead of G x W 
being the uniformizing space, G/K x W is chosen, where if is a maximal compact 
subgroup of G. Consequently, G/K is a simply connected symmetric space. The 
typical fiber becomes the locally symmetric space F = T\G/K and singular fiber 
is the quotient of by a finite group of isometries. The space E has a finite 
covering E' (perhaps branched) where E' is F x {Q'\W) and Q' is the kernel of 
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Q — > Out(r). Since Out(r) is finite, Q' has finite index in Q and the finite group 
Q/Q' acts diagonally on F x {Q'\W). 

In p6t , this is explained in more detail by showing that the uniformizing group 
TOP(G,i^)(G/X X W) is isomorphic to Isowl{G/K) x TOP(W^). In this context, 
existence, uniqueness and rigidity are all shown to be valid. Typical fibers which 
are locally symmetric spaces have a great deal of geometric interest and the unique- 
ness and rigidity of this modified construction has significant applications. When 
modeling on G/K x W instead of G x Pl^ we shall call this the modified injective 
Seifert Construction of type (S4). 



4.5.8. Now we stack the two constructions together to obtain a homomorphism 
r ^ TOPg(G X W): 



1 — > r 

1 

1 — > G 



1 — > M(iy,G)xInn(G) 



E 



TOPg(G X W) 



Q 
Q 



This completes the proof of Theorem 4.3.2 



Out(G) X TOP(iy) - 
Q.E.D. 



4.6. Smooth Case. If is a smooth manifold and Q acts on it smoothly so that 
p : Q ^ Diff (M^), then the construction can be done smoothly. The universal group 
is now C{W, G)x (Aut(G) x Diff(M^)) which is certainly the subgroup of weakly G- 
equivariant diffeomorphisms of G x W. The same proof as for M(W, G) works in 
proving i?'((5; C(VF, Z(G))) = 0, z = 1,2 in the case of G completely solvable. We 
use this fact by simply referring to the "smooth Seifert fiber space construction" . 

If is a complex manifold and Q acts holomorphically, then one can also ask 
whether the construction can be done holomorphically on C*^ x W. There are two 
types of obstructions. It could happen that the necessary C'^-bundle over W, while 
trivial as a smooth bundle, may not be trivial as a holomorphic bundle. A more se- 
rious matter is that (Q; Ti.{W, C*^')), where Ti.{W, C*^) denotes holomorphic maps, 
does not necessarily vanish and so not every smooth realization has a holomorphic 
one. Even when the first difficulty does not arise, the latter one may still persist. 
The solution to these problems and the corresponding theory is carefully worked 
out in ijl^ . One particular feature of the extended theory is that the uniformizing 
space need no longer be a product G xW but may be any principal G-b undl e over 
W. See for Seifert fibered spaces modelled on principal bundles and x2 for an 
illustration of the holomorphic theory. 



Another general approach to Seifert fiber spaces is due to A. Holmann ||2C 
procedure extends the classical fiber bundle methods. 



His 



5. Applications 

5.1. Introduction. The Seifert Construction, which is a special embedding, 9 : 
TT TOPg(G X W), of the group tt into TOPg(G x W) such that tt acts properly 
on G X W, preserves some of the properties of both G and W on 9{-k)\{G x W). 
Furthermore, the action oi it on G x W "twists" the topology and geometry of G 
and W to create the orbit space 9{tt)\{G x W) in the same way that the group 
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structures of T and Q "twist" to create the group tt. In other words, this algebraic 
twisting of TT makes the geometric twisting of the "bundle with singularities" 

r\G 0{tt)\{G xW)-^ q\w, 

where the homogeneous space T\G is a typical fiber. In the several applications, 
we have selected to include here this features seems especially prominent. 

One of the important geometric problems that has motivated the development of 
Seifert fiberings is the construction of closed aspherical manifolds realizing Poincare 
duality groups tt of the form 1— >r— >7r^(5^1. The Seifert Construction 
enables one to find explicit aspherical manifolds M(7r) when Q acts on a contractible 
manifold W and F is a torsion free lattice in a Lie group. 

For a topological manifold, the homotopy classes of self-homotopy equivalences 
can be regarded as algebraic data. We shall show how the Seifert Construction can 
be used to lift finite subgroups of homotopy classes to an action on the manifold. 

The final illustration is a description of the classical 3-dimensional Seifert mani- 
folds and how they fit into our scheme of general Seifert fiberings. This description 
will also be useful for the final section. 

5.2. Existence of Closed Smooth K{'k, l)-manifolds. There are two difficult 
problems related to the title. They are: 

• Which groups can be the fundamental group of a closed aspherical manifold? and 
' If TT is the fundamental group of an aspherical manifold, can we give an actual 
explicit construction of an aspherical manifold for the group tt ? 

There are some general criteria for the first problem such as tt must be finitely 
presented, have finite cohomological dimension and satisfy Poincare duality in that 
dimension. The Seifert Construction gives answers to both questions for large 
classes of groups tt. The idea is that ifl^F^Tr— >(3— >lisa torsion free 
extension where F is the fundamental group of a closed aspherical manifold and Q 
is a group acting properly on a contractible manifold W with compact quotient, 
then TT should be the fundamental group of a closed aspherical manifold. We have 
the following 



Theorem 5.2.1. Let T be a cocompact special lattice in G (see subsection 1.3.1) 
and p : Q ^ TOP(Vl^) be a properly discontinuous action on a contractible manifold 
W with compact quotient. //I— >F— >7r— j-Q— s-1 is a torsion free extension of F 
by Q, then for any Seifert Construction 9 : tt TOPg(G x W), 

(1) M{9{tt)) = 9(tt)\(G X W) is a closed aspherical manifold ifV is of type (SI), 
(S2) or (S3), 

(2) M{9{tt)) = 9{tt)\{{G / K) x W), where K is a maximal compact subgroup of 
G, is a closed aspherical manifold ifT is of type (S4). 



Proof. We know from Theorem 4.3.2 that for each extension l^F— >7r— ^Q-^l, 
there exists a homomorphism of tt into TOPg{G xW) (resp., TOP(^G,K)iG/K x W) 
in the case of type (S4), see for this notation). We need only to check that this 
homomorphism is injective. Suppose Qo is the kernel cf) x p : Q Out(G) x 
TOP(Ty). Then Qq is finite since the Q action on W is properly discontinuous. 
Let l^F^^E^Qo^lbe the puUback via Qo ^ Q- The group E is torsion 
free since tt is assumed to be torsion free. The restriction d\E defines an action 
of E on G X W (resp., G/K x W). Since F is of finite index in E, no non-trivial 
element of E can iix G x W (resp., G/K x W). For if it did, then some power 
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would be a non-trivial element of F which does not fix G (resp., G / K). Therefore, 
9 is injective; 0{-k) acts properly and freely since it is torsion free. □ 

Remark 5.2.2. 1. If is a smooth contractible manifold and p : Q ^ Diff(Vl^), 
then the construction can be done smoothly and M(0(7r)) is smooth. 

2. If pi and p2 are rigidly related (i.e., there exists h E TOP(M^) for which 
P2 = P-{h^) o Pi)) and F is characteristic in tt, then M{9i{'k)) and M{92{tt)) are 
homeomorphic via a Seifert automorphism. Moreover, if we fix £ and p, then the 
constructed M{9{'k)) are all strictly equivalent. 

3. When W = {p} is a point (a 0-dimensional contractible manifold), then Q 
must be finite for Q to act properly discontinuously, and every p : Q ^ TOP({p}) is 
rigidly related. The closed aspherical manifolds constructed are infra-G-manifolds. 
cf . Example [4.4.4 . 

4. One important application of these constructions is that they provide model 
aspherical manifolds with often strong geometric properties. If one wants to study 
the famous conjecture that two closed aspherical manifolds with isomorphic funda- 
mental groups are homeomorphic via the methods of controlled surgery, then the 
constructed aspherical Seifert manifolds are excellent model manifolds. 

The above procedure can be extended for even more general extensions. As an 
example. 

Theorem 5.2.3. Let t: be a torsion-free extension of a virtually poly-Tj group F 
by Q, where Q acts on a contractible manifold W properly discontinuously with 
compact quotient. Then there exists a closed K{'k, l)-manifold. 

Proof. A torsion-free virtually poly-Z group F has a unique maximal normal nilpo- 
tent subgroup A, which is called the discrete nilradical of F. See |^. Then the 
quotient F/A is virtually free abelian of finite rank. Furthermore, since A is a 
characteristic subgroup of F, it is normal in tt. Consider the commuting diagram 
with exact rows and columns: 



1 

1 

A 



1 

F/A 



1 



A 



vr/A 



Q 



Q 



1 



1 



Since F/A is virtually free abelian of finite rank (say of s), it contains a charac- 
teristic subgroup Z*^. Let Q' = (7r/A)/Z'*. Then the natural projection Q' — > Q 
has a finite kernel. Therefore, if we let Q' act on W via Q, the action will still be 
properly discontinuous. 

One can do a Seifert fiber space construction with the exact sequence 



1 



tt/A 



1 
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which yields a properly discontinuous action of tt/A on R'' x with compact 
quotient. Using this action of tt/A on W x W, one does a Seifert fiber space 
construction with the exact sequence 

1 — > A — > TT — > tt/A — > 1. 

This gives rise to a properly discontinuous action of tt on x (M" x W), where N 
is the unique simply connected nilpotent Lie group containing A as a lattice, with 
compact quotient. 

If the space W is smooth, and the action of Q on ly is smooth, both constructions 
can be done smoothly so that the properly discontinuous action of tt on x (K'' x W) 
is smooth. 

In any case, since the group tt is torsion free, the resulting action of tt on x 
{W x W) is free. Consequently, we get a closed K{Tr, l)-manifold 

M = n\{N xW X W). 

It has a Seifert fiber structure 

F — > M — > Q\W 

where the typical fiber F itself has a Seifert fiber structure 

A\iV — > F — yT" ^ Z^XW. 

In fact, since the action of the characteristic subgroup Z*' on W is free, F is a 
genuine fiber bundle, with fiber a nilmanifold A\7V over the base torus T". □ 

The space W does not have to be aspherical. As far as the action of Q is properly 
discontinuous, the construction works. The resulting action of tt is free if and only 
if the pre-image of (the stabilizer of the Q action at each w G W) in tt is torsion 
free. In this case, the space tt\{G x W) will not be aspherical. See 4.3.2| . 

5.3. When is 9 injective? Let 

1 ^ F TT ^ Q — 

£ 9 f X P 

1 — > M(W^,G')xInn(G) — > TOPg{GxW) — > Out(G') xTOP(M^) — 

be a Seifert construction. The argument as mentioned just above also shows that 
the action of tt on a general G x W will be free (and hence 9 is injective) if the 
pre-image of (the stabilizer of the Q action at each w G W) in tt is torsion 
free. Of course 6 may be injective, that is, tt acts effectively on G x W, without 
necessarily acting freely. 

We determine when the homomorphism 9 : tt ^ TOPg(G x W) has trivial kernel 



for special lattices F in G of types (SI), (S2) or (S3) in subsection 4.3.1 



Proposition 5.3.1. 6 is injective and 9{tt) r\ 1{G) = 9{T) if and only if ip x p is 
injective. 

Proof, li ip X p is injective, then clearly 9 is injective and 9{tt) r\£{G) — 9{r). Now 
assume that 9 is injective. Let K be the kernel oi (p x p, and l^T^E^K^l 
the puUback via K C Q. Since K acts trivially on W, it is finite and E must 
map injectively into M{W, G)xInn(G) = £{G) x 2:(g) M{W, G). The group K maps 
injectively into M(W^,G)/Z(G) by the natural projection i{G) Xzf^c) M{W,G) 
M(W,G)/Z{G), because we hypothesized that 9{tt) n ^(G) = 61(F). We complete 
the argument by showing M{W, G)/Z(G) has no non-trivial elements of finite order. 
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This follows from the fact that the exponential map Q G is bijective for our 
special G. Therefore the equation x" = a in G has a unique solution for any n G Z 
and every a e G. So if / € M{W, G) represents an element of K in M{W, G)/Z{G), 
then /" G Z{G)^ where n is the order of /. Therefore, f^iw) = a, for some 
a e 2{G), and all w £ W. But there exists a unique x G G such that f{w) = x. 
Now, Z{G) is MJ' for some k, and each a € Z{G) has a unique nth root in Z{G), 
X e Z{G). Since / has order n, n must be 1 and T = E. □ 



5.4. Rigidity of infra-homogeneous spaces. Recall from 2.£ the following def- 
initions. Let G be a connected Lie group. A quotient of G by a lattice F is called 
a homogeneous space. More generally, let Aff(G) = G>^Aut(G) act on G by 

{a,a) ■ X — a ■ a(x). 

An infra-homogeneous space is a quotient of G by a group tt C Aff(G), acting 
properly discontinuously and freely, such that F = tt n G is a uniform lattice of 
G and F has a finite index in tt. Therefore, an infra-homogeneous space is finitely 
covered by a homogeneous space. For example, a flat Riemannian manifold may 
be called an "infra-torus" . To emphasize G, sometimes we use the term infra-G- 
manifold for an infra- homogeneous space. 



Now we explain a little more detail for the claims made in Example 4.4.4. Let 
Ai be a special lattice of type (SI), (S2) or (S3). That is, 

1 * Ai > TTj — > Qi — > 1 

is an extension, 9i : tt.; Aff(Gi), Qi finite, Pi '■ Qi ^ Out(Gi) is injective, and 



hence by Proposition |5. 3. l| . A.; = 9i{-Ki)f]t.{Gi), for i — 1,2. Suppose /i : tti ^ 7r2 is 
an isomorphism. Then, we claim, Ai is mapped isomorphically onto A2 and hence 
Qi onto Q2. This isomorphism extends to an isomorphism of Gi onto G2. Thus 
we may think of 

0, : TT ^ Afr(G) = TOPg(G x {p}) 

such that 9i{n) n G = A,;, i = 1,2. Now because Pi : Qi ~> {p} is trivial, the 
embeddings are conjugate by an element of Aff(G). 

It remains to verify that h maps Ai isomorphically onto A2. It is well known 
that Ai is characteristic in the abelian and nilpotent cases. For a proof of A^ being 
characteristic in the completely solvable case, we refer the reader to [|4| Proposition 
4.5]. Therefore h maps Ai isomorphically onto A2. 

Instead of appealing to the rigidity theorems for the Seifert Construction as we 
did above, we shall instead obtain these same extensions of the classical Bieberbach 
theorems directly. In the next theorem, the calculations involved resemble the proof 
of uniqueness of the Seifert Construction when is a point, and show how closely 
linked the Seifert Construction is to the Bieberbach theorems. 



Theorem 5.4.1. Suppose G has VLIEP (see subsection 4^3^ , andH^{^]G) (non 



abelian cohomology) vanishes for every finite subgroup ^ C Aut(G). Let tt, tt' G 
Aff(G) be finite extensions of lattices in G. Then every isomorphism 9 : t: ^ n' is 
a conjugation by an element of AS (G) . 

Proof Let F G n vr, F' = G n tt' be the pure translations. Let A = F n 9^^(r'). 
Then 6'|a : A — > ^(A) is an isomorphism of lattices of G. By ULIEP, 9\a extends 
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uniquely to an automorphism C : G ^ G. Thus, ^|a = C|a, and hence, 9{z,I) = 
{Cz, I) for all {z, I) e A. Let us denote the composite homomorphism 

TT tt' Aff(G) ^ Aut(G) 

by 0. where Aff(G') = Gxi Aut(G) Aut(G) is the projection. Let * = tt/A. Then 
clearly, 9 factors through 4*. Define a map A : tt ^ G by 

e{w,K) ^ {Cw ■ X{w,K),e{w,K)) (1) 

It is easy to see that X{zw, K) = \(w, K) for all z e A. Therefore, A is really a map 

A : * ^ G. 

For any (z, /) e A and (w, K) G tt, apply 9 to both sides of (w, K){z, I){w, K)~^ = 
{w ■ Kz ■ w~^,I) to get 

Cw ■ \{w, K) ■ 9{w, K){Cz) ■ \{w, K)-^ ■ {Cw)-^ = 9{w ■ Kz ■ w'^). 

However, w ■ Kz ■ G A since A is normal in tt, and the right hand side equals 
to C{w ■ Kz ■ w~^) = Cw ■ CKz ■ {C'w)~^ since G : G ^ G is an automorphism. 
Prom this, we have 

9{w, K){Cz) = X{w, Ky^ ■ CKz ■ X{w, K) (2) 

This is true for all z S F. Note that 9{w, K), C and K are automorphisms of the 
Lie group G. By ULIEP of G, the equality (2) holds true for all z e C. 

We claim that, with the ^f-structure on G via ^ : * ^ Aut(G), A e Z^{^; G); 
i.e., A : — > G is a crossed homomorphism. We shall show 

X{{w, K) ■ {w', K')) = X{w, K) ■ 9{w, K){X{w' , K')) 

for all (w.K), {w',K') € tt. (Note that we are using the elements of tt to denote 
the elements of Apply 9 to both sides of {w, K){w' , K') = {w ■ Kw',KK') to 
get Cw ■ X{w, K) ■ 9{w, K)[Cw' ■ X{w', K')] = C{w ■ Kw') ■ X{{w, K){w' , K')). Prom 
this, it follows that 

A((w, K){w\K')) = {CKw')-^ ■ A(«;, K) ■ e(w, K){Cw') ■ 9{w, K)X{w',K'). 

By (2), we have 'e{w,K){Cw') = X{w,K)-^ ■ CKw' ■ X{w,K) so that X{{w,K) ■ 
{w',K' j) = X{w,K) ■ 9{w, K)X{w' , K'). This shows that A is a crossed homomor- 
phism. 

By the assumption, H^{'i>-, G) vanishes. This means that any crossed homomor- 
phism is "principal" . In other words, there exists d G G such that 

X{w,K) =d-9{w,K){d-^) (3) 

Let D = /x(rf~^)oG. We check that 9 is the conjugation by {d, D) — (rf, ^(rf^^)oG) e 
Aff(G). Using (1), (2) and (3), one can show ^(w,iir)o/i(rf-i)o G = /i(d-i) oGo/T. 
Thus, for any (w, K) e tt, 

9{w,K)-{d,D) ={CwXiw,K), 9{w,K)) ■ {d^fi{d-^)oC) 

= {Cw ■ X{w, K) ■ 9{w, K){d), 9{w, K)oi^{d-^) o G) 

= lcwd- 9{w, K){d-^) ■ 9{w, K){d), 9{w, K) o ij,{d-^) o G) 

= ICw-d, /i(d-i) oGoii:) 

= id,D)-iw,K). 

This finishes the proof of our claim. □ 
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Corollary 5.4.2. Suppose G has VLIEP , and {'^ ; G) (non-abelian cohomology) 
vanishes for every finite subgroup ^ C Aut(G'). Then homotopy equivalent infra- 
G-manifolds are affinely diffeomorphic. 

Proof. Let M — tt\G, M' = tt'\G' be infra-G-manifolds. A homotopy equivalence 
M — i- M' induces an isomorphism : tt — > tt'. Since maps some subgroup of GHtt 
into a lattice of G", there is an isomorphism of G onto G". Using this isomorphism, 
we identify G with G'. Now apply Theorem 5.4.1 to : tt ^ tt' to find an element 
h — {d,D) e Aff(G) which conjugates tt onto tt'. This gives a weakly equivariant 
map 

{h,^^{h))■.iG,7T)-^{G,7T') 

and h gives rise to an affine diffeomorphism M M' , which is homotopic to the 
original map. □ 



Corollary 5.4.3. (1) (Qiehevhach) Homotopy equivalent flat manifolds are affinely 
diffeomorphic. 

(2) pO| Homotopy equivalent infra- nilmanif olds are affinely diffeomorphic. 

(3) Homotopy equivalent infra- solvmanif olds of type (R) are affinely diffeomor- 
phic. 

Notice, in particular, that the isomorphism 9 maps the lattice F = G H tt onto 
r' — G Dtt' . This is also true topologically on the orbifold level. 

Proof. What is needed for this conclusion is the element h = {d, D) G Aff (G) which 
conjugates tt onto tt'. We have this element immediately from the rigidity of the 
Seifert Construction for lattices of type (SI), (S2) and (S3). If we wish to avoid the 
Seifert Construction, then we need to verify that H^{'^] G) vanishes for each finite 
subgroup C Aut(G). This is accomplished in |^ and [Q, and well known for 
G of type (SI). □ 

5.5. Lifting Problem for Homotopy Classes of Self-Homotopy Equiva- 
lences. Let M be an admissible space (see section p.5[ ) and f (M) be the 7J-space 
of homotopy equivalences of M into itself. Any / G S{M) induces an isomorphism 
/* : 7ri(M, x) — > TTi (M, f{x)). By choosing a path to from x to /(x), we have an 
automorphism of tti{M,x), defined by ([r]) = [uj^^ ■ if ° t) ■ ui]. A differ- 
ent choice of lu alters only by an inner automorphism. Therefore, we obtain a 
homomorphism 

7 : £{M) Out(7r), 

TT = 7ri(M, x). If M is a K{tt, 1) space, then £o{M) is the kernel of 7 so that 7 factors 
through ttq {£{M)) = £{M)/ £q{M), where £o{M) is the self homotopy equivalences 
homotopic to the identity. Moreover, 7 is onto since every automorphism of tt can 
be realized by a self homotopy equivalence of M . 

A homomorphism tp : F Out(7r) = ttq {£{M)) is called an abstract kernel. 
An injective abstract kernel is the same as a subgroup of homotopy classes of self- 
homotopy equivalences of M. A lifting of (/? as a group of homeomorphisms is a 
homomorphism (p : F ^ TOP(M) which makes 

F ^ F 

TOP(Af) — > £{M) — > TTo (f (M)) 
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commutative. 

Suppose F acts on M. Let F* be the group of all liftings of elements of F to 
the universal covering M . Then 

1-^TT^F*^F^1 

is exact, and is called the lifting sequence of the action [F,M). Furthermore, for 
an aspherical M, if (F, M) is effective, then the centralizer of t: in F* , Cf*{t:), 
is torsion-free (such an extension was called admissible in ||38|| ); and F* lies in 
TOP(M). 

Thus we have a necessary condition for the existence of a lifting of an abstract 
kernel if : F ^ Out(7r), as an (effective, resp.) group action: the existence of an 
(admissible, resp.) group extension of tt by F realizing the abstract kernel. For 
finite groups, this necessary condition is also sufficient for some tractable manifolds. 



No examples of closed aspherical manifolds are yet known where the existence 
of a group extension does not also yield a group action. 



Definition 5.5.1. Let Q act properly on an admissible space W (see section 2.5) 
and B be the quotient Q\W . Suppose for each extension l^Q^E'— >F^lby 
a finite group F, the action of Q extends to a proper action of E on W . Then we 
say that the Q action on W is finitely extendable. In particular, then F acts on B 
preserving the orbit structure. 

If F is normal in tt, let Aut(7r, F) denote the automorphisms of tt that leave F in- 
variant. Since Inn(7r) leaves F invariant, we can put Aut(7r, F)/Inn(7r) = Out(7r, F). 
It is a subgroup of Out(7r). See notation in section 1. 

Let M — tt\M be an orbifold (with the orbifold group tt). Call a finite abstract 
kernel F Out(7r) geometrically realizable if it can be realized as an action of F 
on M. 

We are interested in realizing a finite abstract kernel F Out(7r) as a group 
action on a Seifert fiber space M with a typical fiber T\G. In particular, we want 
the F action to be fiber-preserving maps. This means that, on the group level, the 
extension must leave the lattice F invariant. In other words, we consider only those 
abstract kernels which have images in Out(7r, F). 



Theorem 5.5.2. LetT be a lattice in the special Lie group G (see subsection ^. 3.1), 
and p : Q —> TOP(VF) be a proper action on W which is finitely extendable. Let 
l—>T^7r^Q^lbean extension and 6 : t: TOPg(G x W) be any 
homomorphism. Then each abstract kernel Lp : F ^ Out(7r,F) of a finite group F 
can be geometrically realized as a group of Seifert automorphisms on M{0{tt)) = 
9{'k)\{G X W) if and only if the abstract kernel ip admits some extension. 

Proof. Let l^Tr^E'^i^— i'lbean extension realizing the abstract kernel if. 
Consider the induced extension 

1 — >Q — > E/T — > F — > 1. 
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Since p is finitely extendable, there exists p' : E/T TOP(VF) extending p : Q 
TOP(W^). We have the commutative diagram with exact columns and rows: 



1 



1 1 



E 



F 



1 



Q 

I 

E/T 



F 



1 



Again by the existence theorem for special lattices, Theorem 4.3.2 , there exists 
9' -.E-^ TOFaiGxW), where 6l'|r = e\r = i:T^G, andp'lg = p. PvLt0'\^ = 9'. 
Of course , 9' m ay be different from 9, but as 9 and 9' agree on F and Q, we can apply 
Theorem |4.3.2| (2) to conjugate TOPg(G x W) by an element of M[W, G) xiInn(G') 
which carries ^'j^r to 6* so that the new homomorphism 9' : E ^ TOPg(G x W) is 
an extension of 6* : tt ^ TOPg(G x W). This yields an action of F on 9{tt)\{G x W) 
as a group of Seifert automorphism as desired. □ 

Since we used the uniqueness of the Seifert Construction, we use the modified 
Seifert Construction modelled ow G/K xW instead of G x in the semi-simple 
case. 

Corollary 5.5.3. Let M(t:) be an infra-G -manifold with G special, and with fun- 
damental group TT. Suppose tp : F ^ Out(7r) is an abstract kernel. Then there exists 
a geometric realization of F acting on M{it) by affine diffeomorphisms if and only 
if there is an extension E of t: by F which realizes this abstract kernel. 

Proof. The infra-G- manifold M{n) is modelled on G x {p} (p=point) [G/K x {p} 
for a convenient form of G in the semi-simple case) and TOPg(G x {p}) — Aff (G) 
(resp. Aff(G,X)), see |§ for this notation. Trivially, every Q TOP({p}) 
extends to E/T TOP({p}). The above theorem then immediately applies, and 
F acts on M{tt) by Seifert automorphisms which are afhne diffeomorphisms. □ 



Remark 5.5.4. 1. Since we may introduce a metric structure in the Corollary 
from a left invariant metric on G (see section 2.9), AI{tt) has the structure of a 
flat, almost flat, Riemannian infra-solvmanifold or a locally symmetric spaces. We 
may also further conjugate 9{tt) in Aff(G) so that F now acts on the conjugated 
manifold by isometrics preserving the flat, etc, structures. 

2. The proper action of tt in the Theorem is not necessarily free nor effective. 
Thus M{tt) could very well be a Seifert orbifold. The Corollary then works for 
such orbifolds, i.e., infra-G-spaces. In the Euclidean case, M{tt) would then be a 



Euclidean "crystal" and n a Euclidean crystallographic group. In Theorem 5.5.2 
F sends fibers to fibers. 

For more about the realizations up to strict equivalences, and finding examples 
where F does not lift because there are no extensions realizing the abstract kernels, 
the reader is referred to ||, H, @, [||, ||, ||, H and 
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5.6. Seifert fiberings with codimension 2 fibers. 

5.6.1. There is a class of Seifert fiberings which are very close generalizations of 
the classical Seifert S-manifolds. Let the discrete group Q act effectively and prop- 
erly on the topological plane R^. Then Q can be conjugated in TOP(E^) to be 
a group acting as isometries on the hyperbolic plane or the Euclidean plane. In 
the first case, call Q hyperbolic, and in the latter Euclidean. If Q preserves orien- 
tation, then Q can be conjugated to act as holomorphic actions on C or the unit 
disk D. This latter fact, using standard techniques in transformation group theory, 
uniformization and topology of 2-manifolds, is not very difficult to prove. (Cer- 
tainly, if Q acts simplicially, the arguments are not hard). When the orbit space 
Q\M? is compact, then a theorem, essentially due to Nielsen, says that any two Q 
actions are topologically conjugate. If the actions are assumed smooth, then they 
are smoothly conjugate. In the non-compact case, there are similar results but they 
can be very complicated if Q is not finitely presentable. So for our next example, 
we restrict to Q for which (3\K^ is compact. Since (5\R^ will have the structure of 
an orbifold, Q will either be isomorphic to a Euclidean crystallographic group or 
a cocompact hyperbolic group. In the Euclidean case, these are the 17 wall-paper 
groups. They are centerless except for Q = Z x Z or ZxiZ (the fundamental group 
of the Klein bottle). In the hyperbolic case, all the groups are not solvable, and 
have no non-trivial normal abelian subgroups. 

5.6.2. An important class of closed 3-manifolds are those closed 3-manifolds whose 
fundamental group contains a normal subgroup Z. This class contains all the clas- 
sical Seifert 3-manifolds with infinite fundamental group as well as some other 
non-orientable manifolds such as closed 3-manifolds admitting a circle action with- 
out fixed points but having 2-dimensional submanifolds whose stabilizer is Z2 . The 
orientable ones, however, coincide with the classical orientable Seifert 3-manifolds 
with infinite fundamental group as defined by Seifert in fsot] . Of course, these 
statements are to be taken modulo the Poincare Conjecture, for if there were a 
fake 3-sphere S, then Afftl], where M is a Seifert manifold, would not be a Seifert 
manifold but would still have a normal Z in its fundamental group. In any case, 
a closed 3-manifold whose fundamental group contains a normal Z subgroup, has, 
modulo the Poincare Conjecture, an orientable cover admitting an injective S^- 
action. Consequently, they all have a universal cover that splits into R x or 
R X S*^, where the R descends to the fibers associated with the normal Z. In the 
R X 5^ case, the manifolds have an orientable cover isomorphic to S*^ x 5^. Thus, 
their fundamental groups are just finite extensions of Z. We are interested in those 
that are not finite extensions of Z. They are all aspherical since they are covered 
by 

Therefore, for each extension, 1-^Z— >7r^(5^1, where p : Q TOP(R^) 
is an effective proper action on R^, we may construct model Seifert manifolds. In 
fact, as p is topologically rigid, we can assume that after conjugating in TOP(R^), 
p maps Q into either Isom(E2) M2^0(2) or Isom(H) = PSL(2,R)xZ2, the 
isometries of the Euclidean plane or the hyperbolic plane. In this case, as we shall 
see in section |6.3| , the constructed Seifert manifolds possess a geometric structure 
inherited from a subgroup U of TOPr(R x R^) into which tti{M) is embedded. 
The group tt acts freely on R x R^ if and only if tt is torsion free. Otherwise, 
the map R x R^ — ^ 6'(7r)\(R x R^) is a non-trivially branched covering and the 
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underlying topological space of the 3-dimensional orbifold, which is still a 3-manifold 
with possible boundary, may not even be aspherical (see the next section). To 
obtain all possible orbifolds, we have to enlarge Q to Q', where Q is of index 2 
in Q' and the Z2 in Q' does not act effectively, (it injects into Aut(Z)). That is, 
tpy. p:Q' ^ Aut(Z) x TOP(M) Aut(R) x T0P(R2) wiU be injective. 



Obviously the existence of the Seifert Construction for every torsion free exten- 
sion l^Z^TT^Q^l produces all the known aspherical 3-manifolds with a 
normal Z in their fundamental group. Furthermore, rigidity of the construction, 
since Z will almost always be characteristic, says that any two constructed man- 
ifolds with isomorphic fundamental groups are diffeomorphic. In fact, except for 
several exceptions (less than 10), the isomorphisms must be given by a Seifert auto- 
morphism. (The exceptions can occur for the 3-torus, for example, where the Z of 
the fiber is not the only possible normal Z). That no other manifolds are possible 
except those given by the Seifert Construction follows from results of Waldhausen 
in the Haken case. For non-Haken manifolds, the result is more recent and is due 
to Scott, Casson and others. 

The rigidity result is also true in the orbifold case. For example, if Q is orientation- 
preserving and Q — s- Aut(Z) is trivial, then the R action descends to an S'^-action 
on 6'(7r)\(M x M?). The group Z is the maximal normal abelian subgroup of tt in 
case Q is hyperbolic since Q has no normal abelian subgroups. In the Euclidean 
crystallographic case where Q ^ 1? , Q is center less and so Z will be the entire 
center of tt and so is characteristic. For Q = 1? ^ the tt are torsion free and are 
distinguished by i/i(7r;Z) = 1? -\- Z;,. So, except for 3-torus, the rigidity tfieorem 
for ttie Seifert Construction implies two such oriented orbifolds with isomorphic 
orbifold groups will be diffeomorphic via an S^-equivariant orientation-preserving 
homeomorphism. 



Theorem 5.6.3 (Higher dimensional fibers). Let Q be hyperbolic and act properly 
on with compact quotient. Let T be a special lattice of type (SI), (S2) or (S3) 



(see subsection 4-. 3.1), and 

1 >T ^ TT — >Q — > 1 

be an extension. Then there exists a homomorphism : tt ^ TOPg(G x R^) unique 
up to conjugation, tt acts freely if and only if tt is torsion free and, consequently, 
M{6{tt)) will then be aspherical. Ln general, AL{9i{'Ki)) is homeomorphic via a 
Seifert automorphism to M{62{7T2)) if and only if tti is isomorphic to tt2. 

Proof. We know 6 exists by the existence theorem for special lattices. Since Q has 
no non-trivial normal solvable subgroups, and G is solvable, tt nG — T. Therefore, 
F is the maximal normal solvable subgroup in tt and consequently is characteristic. 
Since p : Q ^ TOP(R^) is rigid, the Seifert Construction is rigid and the theorem 
follows, (cf. [HI section 12]). □ 

Nicas and Stark in |Q , using controlled surgery, have shown that any closed as- 
pherical topological manifold whose fundamental group is a central extension of 
by a 2-dimensional orientation preserving cocompact hyperbolic Q is homeomor- 



phic to the corresponding Seifert manifold constructed in Theorem 5.6.3, provided 
the dimension of the manifold is greater than 4. 
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Corollary 5.6.4. Let ip : F Out(7r) be an abstract kernel, where F is finite and 
n is as in the above theorem. Then if has a geometric realization of an action of 
F as a group of Seifert automorphism on M{9{'k)) if and only if there exists some 
extension E of n which realizes the abstract kernel. 

Proof. The extension E induces a short exact sequence 1 ^ Q ^ E/T ^ F ^ 1. 
S. Kerckhoff ||2^ has shown, in his solution to the Nielsen Realization Problem, 
that a finite extension of a hyperbolic Q with an injective abstract kernel is again a 
hyperbolic group. If K denotes the kernel of the abstract kernel F — > Out(Q), then 
{E/T)/K is a hyperbohc group containing a topological conjugate, in TOP(IR^), of 
Q. Then E/T, via E/T {E/T)/K, acts properly on H and (up to conjugation in 
T0P(R2)) extends the Q action. Therefore Theorem ^.5.2| applies. □ 



5.7. The classical Seifert 3-dimensional manifolds. In a classical paper 
in 1933, H. Seifert described a class of 3-dimensional manifolds that have turned 
out to be fundamental for the topology of 3-manifolds. We assume the reader has 
some familiarity with these manifolds. 

In the closed orientable (resp. non-orientable) case Seifert's manifolds whose 
fundamental groups are infinite, but not a finite extension of Z, coincide with 
(resp. are a subset of) those closed orientab le (re sp. non-orientable) manifolds. 



SJ-, that can be constructed, as in Theorem 4.3.2, from a torsion free extension, 
1— >Z— >7r— >(5^1, with Q acting properly, effectively, and cocompactly on M^. 

It has recently been shown that if there are no fake homotopy 3-spheres, then 
the closed 3-manifolds, whose fundamental groups contain a normal Z subgroup 



and which are not finite extensions of Z, coincide with SJ-. See section 5.6.2 
6. Reduction of the Universal Group 



6.1. Purpose and Requirements. In a general Seifert Construction, it may hap- 
pen that p : Q ^ TOP(W^) has an image in a subgroup that has geometric or 
topological significance. This means that it is likely that the associated Seifert Con- 
structions inherit some of these properties. Let U he a subgroup of TOP g{G x W) 
containing £{G). Put z7 = n {M{W, G')xInn(G)) and U = U/Uso that 

1 — > W — » U — * U — » 1 

n n n 

1 — > M(W',G)xInn(G) — > TOPg(GxVK) — > Out(G) x TOP(VK) — > 1 

(14) 

commutes. 

If the image of : vr ^ TOPg(G x W) lies in U, we say that the universal 
group has been reduced to U for tt. The group U can then be used to study extra 
structures on the Seifert fiber space 9{tt)\{G x W). 



We have already seen in section 4.4 that if is a smooth manifold, P special 
and p : Q —> Diff(VK), then any injective Seifert Construction can be done smoothly 
in 

DiffG(G xW)= C(I^,G)>^(Aut(G) x Diff(M^)), 

where DiffG(G x T^) = TOPg(G x W) H Diff(G x W). 

Furthermore, existence, uniqueness and rigidity also hold because we may use 
a differential partition of unity in the proof for the vanishing of the necessary 
cohomology groups. 
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To obtain existence of an injective Seifert Construction in one has to verify 
the conditions in Theorem 3.7.2| in U. If lA is much smaller than TOPg(G x W)^ 
uniqueness and rigidity are not likely to hold. The set of all homomorphisms of tt 
into U which belong to the same conjugacy class in TOPg(G x W) is a deformation 
space of that conjugacy class. We shall illustrate these concepts by describing in 
some detail the deformation spaces for interesting geometric situations. 



6.2. Injective Holomorphic Seifert Fiberings. We assume that G = C'', W is 
a complex manifold, p : Q ^ TOP(VK) has image in the holomorphic homeomor- 
phisms of W, and 'H{W, <C^) C M{W, C*^) are the holomorphic maps. 

We also assume that the map C*^ x ^ is holomorphically trivial and so 
U = Holpfc (C'^ x W) then becomes 

W(M/,C''')x(GL(fc,C'=) X Hol(H/)), 

where Hol(VF) is the group of holomorphic automorphisms of W. Existence, unique- 
ness and rigidity do not necessarily hold because we do not have holomorphic par- 
titions of unity and the groups H^{Q] 'H{W, C*^)) does not vanish in general. 

The reader is referred to where a general and comprehensive theory of holo- 
morphic Seifert fiberings whose universal space is a holomorphic fiber bundle over 
W with fiber a complex torus or C*"' is given. We shall restrict ourselves here to a 
special case closely related to the classical Seifert 3-manifolds. 

Let (C*,M) be an injective, proper, holomorphic C* action on a complex 2- 
manifold M so that the quotient space is compact. As in the case of an injective 
action, an injective proper C* action lifts to the covering space of M corresponding 
to the image of the evaluation homomorphism, and yields a splitti ng (C* , C* x W) 
where is a simply connected complex 1-manifold, (cf. section |2.2| ). Therefore, 
is C, I? the open unit disk, or CPi. We shall restrict ourselves to W being 
the unit disk D. The orbit space Q\W is a closed Riemann surface. The action of 
Q — -Ki (M)/Z on D is holomorphic, properly discontinuous, but not necessarily free. 
Therefore, M — > C*\M = Q\W is a generalization of a principal holomorphic C*- 
bundle over a Riemann surface. 

From the exact sequence 1 ^ Z ^ C C* ^ 0, we obtain the exact sequence 

— > Z = M{W, Z) — > mw, C) — > HiW, C*) — > 
which gives rise to a long exact sequence of cohomology groups 

■ ■ - WiQ-'L) ^ W{Q-n{W,C)) ^ H'{Q-n{W,C*)) 

The group Q acts on the unit disk Z? as a cocompact Fuchsian group. That is, 
p : Q ^ Hol(D), the complex automorphisms of the unit disk. The action of Q on 
A e l-liWX) is given by 

"A - Ao 

Let us compare the smooth situation with the holomorphic one. We have the 
following commutative diagram of exact sequences 

H\Q,Z) H\Q,U(W,C)) H\Q,U(W,C'')) H^iQ,^) H^{Q;U(W,C)) 

(15) 
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For the smooth case, H^{Q; C{W, C)) 0, i > 0, and as we shall see, H^{Q; H[W, C)) 
0. 

For each central extension O^Z— >7r— >(5— »0 represented by [/] G H^{Q; Z), 
we have smooth Seifert Constructions 6 : tt Diffc(C x D) — Diffc(C x M^). 
If we fix z : Z — > C and p : Q Difl^(Z3), the construction is unique up to 
strict equivalences (subsection 4.4.2| ). We have the smooth Seifert orbifold over 



Q\W = Q\D with an induced C* action and therefore an action on 9{tt)\{C x D) 
X 6'(7r)\(Ri X D) =R^ X since C* splits smoothly as x S^). The 
uniqueness says that for any other embedding 6*' : tt — > Diffc(C x D), keeping i and 
p fixed, the C* action on 0'(7r)\(C x D) is strictly smoothly equivalent to that on 
6'(7r)\(C X D). 

For the same tt, we have the homomorphism H^{Q; Z) — > H^{Q\ 7i(I?, C)). The 
second group fortunately can be identified with the second cohomology of the sheaf 
of germs of holomorphic functions over Q\D. This vanishes since Q\D is (complex) 
1-dimensional and the sheaf is coherent (i.e., locally free). This means that [/] G 
H^{Q; Z) maps to G H^{Q; TL{W, C)). But as the groups are abelian, this becomes 



exactly the identity (11 ), and we have 9 : tt ^ Holc(C x W). Theref ore, ea ch [/] has 



holomorphic realizations for each fixed i and p. Recall from Theorem |3.7.2| , the set of 
all : TT — > Holc(C x D) with fixed i : Z ^ C and p : Q ^ H{D), up to conjugation 
by elements of 7i(-D, C), is in one-one correspondence with H^{Q; H{D, C)). (This 
complex vector space is the same as H^{V; ), the first cohomology of the sheaf of 
germs of holomorphic functions where V is treated as the analytic space V = Q\D. 
That is, for each open U in V, we consider p~^{U) and holomorphic functions 
A : p-'^iU) C such that X{p{a){w)) = X{w), w G p~^iU) and p : £> ^ Q\D is 
the projection. This defines the sheaf over V). This group is isomorphic to C^, 
where g is the genus of V. 

Theorem 6.2.1 ( fl^ , §13]). For each smooth action (C*, Af) corresponding to the 
unique strict conjugacy class 0{t:), with tt torsion free, there exists a complex g- 
dimensional family of strictly holomorphically inequivalent C* actions each strictly 
smoothly equivalent to the smooth (C*,M). 

Proof. We may interpret [/'] G H^{Q\T-L{W,'C*)) to represent the effective holo- 
morphic C* action on 0(7r)\(C x D) up to strict C* equivalence. If Q were torsion 
free, then Q acts freely and Q\D — V is a, closed oriented surface without branch 
points. The C* action is then free and proper yielding a principal holomorphic C* 
bundle, corresponding to a complex line bundle over V . Since Q is not assumed to 
be torsion free, /' determines the holomorphic C* action (cf, ||lj, §5]). Given two 
injective C* actions [/'] and [/"] with the same "Chern class" 5[f'] = 5[f"], there 
exists a [A] G H^{Q;n{D,C)) such that [/"] ^ [/'] + [A]. Since H^{Q-n{D,C)) is 
a vector space of complex dimension g, there exists a whole g-dimensional family 
of inequivalent holomorphic C* actions starting from [/'] and ending with [/"]. □ 

Returning to diagram define 

Pic(g\-D) = H\Q-n{DX))l'^^age{H\Q-'L)) 

= a complex g— torus, or real 2(7— torus, T^^. 

The connected component of the group H^{Q;'H{D,C*)), in the Q torsion free 
case, is called the Picard group for the line bundles over Q\D. In our case, 
H^iQ; n{D, C*)) is isomorphic to T^f ® Z © finite torsion. 
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We obtain the exact sequence 

Pic{Q\D) H\Q;n{D,C*)) ^ H^{Q;Z) 0, 

where the middle group is the isomorphism classes of injective holomorphic C* 
actions over Q\D, 5 sends such an isomorphism class to its "Chcrn class" and 
Pic{Q\D) represents the deformations. As before, H^{Q; Z) = Z © Torsion. 

In the discussion above, wc have fixed i : Z — > C and p : Q ^ Hol(Z)). If we vary 
these choices, we don't get anything new in the smooth case because of smooth 
rigidity. That is, 9{tt) is conjugate to 0'{tt) in Diffc(C x D) where conjugation is 
taken in the whole group and not just in C{D, C) as for strict equivalence. However, 
in the holomorphic change in p : Q — > Hol(D) induces a much larger 

deformation space than treated above. We can see this in our next example of 
reduction of the universal group where instead of considering complex structures 
and complex actions, we replace them by essentially equivalent Riemannian metric 
structures and metric preserving S'^-actions on N^, (M = N xM.^). 

6.3. PSL(2,M)-geometry. 

6.3.1. When W is homeomorphic to in a Seifert Construction and p{Q) is a 
discrete subgroup of TOP(M^), acting properly on R^, then the group p{Q) can 
be conjugated in TOP(M^) to a group which acts as isometrics on with the 
usual Euclidean metric (e.g., p{Q) is crystallographic) or as isometrics on with 
the usual hyperbolic metric. In the former case, we say p{Q) is isomorphic to 
a (Euclidean) crystallographic group, and in the latter, p{Q) is isomorphic to a 
hyperbolic group. We write with the usual Euclidean metric (resp. hyperbolic 
metric) as (resp. H). If Q\M.'^ is compact, then any two embeddings of Q are 
conjugate in TOP(M^). However, if pi,p2 : Q Isom(]HI) have compact quotients, 
then pi is conjugated in Isom(H) to p2 if and only if p2{Q) lies in the normalizer 
of pi{Q) in Isom(IHI), (The normalizer is a finite extension of pi{Q)). Thus, if 
we reduce the universal group TOPg(G x M^) to U, where at least TOP(M^) is 
replaced by Isom(E^) or Isom(]HI), we would expect to find a rich deformation 
theory for Seifert Constructions modelled on G x M^. We will take G = K, and 
Z7 = Isom(H) c T0P(M2). 

For each central extension O^Z^tt^Q^O with Q cocompact hyperbolic, 
the group tt can be embedded by ^ : tt — > TOPr(K x H) so that it is topologically 
and/or smoothly rigid. If tt is torsion free, 7r\(R x H) is a classical closed Seifert 
3-manifold and with a unique action up to equivalence. The 5''^-orbit space 
or base space is a 2-dimensional orbifold isomorphic to Q\IHI. The product R x H 
carries several geometries so that the Riemannian metric induced on R x El — > H is 
the hyperbolic metric. We will examine first the Riemannian metric on PSL(2, R) 
and then later an R-invariant Lorentz metric on R x H. 

Let us denote PSL(2, R) by P. The space P is the universal covering group of 
PSL(2,R). Topologically P is homeomorphic to R x H. 

P =PSL(2,R) 
P =PSL(2,R) 
w R X H. 
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Therefore, if we use 

TOPr(K X H) = M(H,]R)x(GL(l,M) x TOP(H)) 

as our universal group, we will not be able to distinguish the geometries of M x H, 
M X R2 and Nil from that of P. 

The Lie group PSL(2, M) can be viewed as the unit tangent bundle of the hyper- 
bolic space H, and it has a natural Riemannian metric. This metric pulls back to 
a Riemannian metric on P. It turns out that this metric is right invariant. That 
is, all right translations by elements of the group are isometries. Furthermore, the 
isometry group is 

Isom(P) = (M xz P)xZ2, 

where M is a subgroup of P containing the center Z, acting as left translations. 
These two actions commute with each other, and t{z) = r{z^^) for 2 G Z, the 
center of P. The finite group Z2 is generated by the reflection about the y-axis. 
In fact, any orientation-reversing isometry of period 2 will do. While it reverses 
the orientation of the base space H, it also reverses the orientation of the fiber M. 
Consequently, it preserves the orientation of P. 

We take the subgroup M described above as our G. Smoothly, P = M x H. 
Therefore, we have 

G = M, W ^M. 

Since R x ^ P commutes with the left translation G — M., and the generator of Z2 is 
an inversion of R, Isom(P) = (R x^ P) xZa hes inside TOPr(R x H). To make the 
presentation clearer, we use only the connected component of Isom(P). So, let's 
take 

U = Isomo(P) = R XzP 
so that we have the commuting diagram: 

1 — > R — > U = Rxz,P — > P — >1 

n n n 

1 — > M(I1,R) — y TOPr(RxH) — * GL(1,R) X TOP(H) — > 1 



For this case, Q coincides with the Q examined in section |6.2| , and has a well known 
presentation 

p a 

Q = {xi, ■ ■ ■ ,Xg,y^, ■ ■ ■ ,yg,Wi, ■ ■ ■ ,Wp \ w"' = 1, W_Wj = 1) 

3 = 1 i=l 

for p > 0, g > and all aj > 2. It is also required that the Euler characteristic of 
Q, defined as 

x(Q) = (2-2.g)-f]fl-- 

satisfies xiQ) < 0- It is our intention to characterize those [tt] e H'^{Q;Z) which 
embed in U and to determine their deformation spaces. 
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6.3.2. For any subgroup Q of Isomo(IHI), one can puUback (see subsection 3.3.2) 
the above extension via Q ^ IsoniQ (H) to get Q so that the diagram 

1 — > M — > Q — > Q — > 1 

1 — > K — > Isomo(P) — > Isomo(H) — > 1 
commutes. Thus, R becomes a trivial Q-module. 

Lemma 6.3.3. Let Q be a cocompact discrete subgroup o/ Isomo (H) . Then 

(1) H^Q;R) ^R, 

(2) The class [Q] G H'^{Q;R) is non-zero. (That is, the exact sequence does not 
split). 

Proof. (1) Let l^Z^P^P^lbc the universal covering projection, and 
let 1 ^ Z ^ Q ^ Q ^ 1 be the puUback of this exact sequence via Q '—^ P. 
Then Z C Q sits in E Xz P — IsomoP as the center. Denote the inclusion of 
Z --^ R C Isomo (P) by i. Then 

l^Z^Q^ Q ^1 [0]e 

1* 1 1= .1'* 

l^M^Q^ Q 1 [0]e H^iQ;R) 

is commutative so that i^[Q] — [Q]. By Selberg's lemma, Q contains a torsion 
free normal subgroup Qo of finite index. Then H'^{Qo;M.) ^ H'^{Qo\M;R) ^ R. 
Then, by transfer, H^{Q;R) = R, since Q/Qo acts on (3o\EI preserving orientation. 
Since H'^{Q\'L) is finitely generated, it follows that H'^(Q]1) = Z ® Torsion by 
the Universal Coefficient Theorem, and the fact that : H^{Q;Z) — » 7?^(Q;R) is 
given by (X>R. Thus the elements of infinite order inject and those of finite order 
are in the kernel. 

(2) We can assume, without loss of generality, Q C P is torsion free. In |Q, it is 
shown that [Q] £ H^{Q] Z) is non-zero. In fact, Q is the fundamental group of the 
unit tangent bundle Q\P of the surface Q\M.. In this case, the euler characteristic 
of Q, 2 — 2g^ 0, is the characteristic class of the principal S'^-bundle Q\P (5\EI, 
and is also equal to the negative of the cohomology class [Q] £ H'^{Q;'Z) = Z of 
the extension Q. Therefore, [Q] is non-zero in H^{Q;R) = H^{Q;Z) » R. We also 



point out, in this case, [Q] = e{Q), see subsection 6.3.4 for definition of e(Q). □ 



6.3.4 (euler number). Let i : Z ^ R be the standard inclusion. For each central 
extension 0— >Z— j-tt— >(5^ 1, there is associated a rational invariant called 
the euler number of vr, and is denoted by e(7r). It can be defined in terms of a 
presentation of tt. Let 

TT = ( ii, • • • ,ig, yi, • • • ,yg,wi, - ■■ ,Wp,z \ z central, 

Then e(7r) = — ^6 + and |e(7r)| is an invariant of the isomorphism class of tt. 

In Theorem 4.5], it is shown that under the homomorphism 

: H'^iQ; Z) — > H^iQ; M) = R 
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induced by i, we have «*[7r] = L ■ eijr), where L — lcm[ai, • ■ • ,0;^,]. Thus [tt] has 
infinite order in H^{Q; Z) if and only if e(7r) 7^ 0. 

We now characterize the cocompact orbifold groups modelled on P. 

Theorem 6.3.5. An abstract group tt can be embedded into Isomo(P) as a cocom- 
pact discrete subgroup if and only if tt is a central extension of 'L by a discrete 
cocompact orientation-preserving hyperbolic group Q (so that X^'L^ir—tQ-^l 
is exact) and [tt] G H'^{Q;'L) has infinite order. Further, if this is the case, the 
subgroup Z is the center of n, and in any discrete embedding, the image of Z is 
ttDR, where K C E Xz P = Isomo(P). 

Proof. Suppose tt is a cocompact discrete subgroup of Isomo (P) . The subgroup R of 
Isomo(P) is the radical (maximal connected normal solvable subgroup) of Isomo (P) 
and the quotient Isomo(]HI) = PSL(2,K) has no compact factor. A theorem of Wang 
(see 8.27]) says that the image Q of tt in Isomo (H) is a lattice so that Q is a 
discrete cocompact orientation-preserving hyperbolic group. It remains to show 
that TT n R is non-trivial. Suppose not. Then tt is isomorphic to Q and hence, it 
has R-cohomological dimension 2. However, since tt is cocompact in Isomo(P), its 
R-cohomological dimension is 3. This contradiction shows that vr n R = Z. Thus 
TT is of the form I^Z^tt^Q^I. Clearly, Z is the center of tt since Q is 
center less. 

We shall now sketch why [vr] must be of infinite order in H^{Q; Z). By Selberg's 
Lemma, there exists a normal subgroup Qo of Q which is torsion free of finite 
index. Let 1 — > Z — > tto ^ Qo — *■ 1 be the puUback of the above exact sequence 
via Qo ^ Q- But if [tt] has finite order, one can take Qo so that [ttq] has order 
so that ttq = Z X Qo- We claim that this group does not embed discretely into 
Isomo (P). Choose a standard presentation for Qq: 



a 

(ai, 61, ■ ■ ■ ,ag,bg\ W[ai, bi] = 1). 



Since Qo C PSL(2,R), we may think of the elements of PSL(2,R). In 

Isomo (P), these elements lift to {(a^,taj}, {(&i,t6j}, were a[,b[ e P; taij^b; G R- 
These are unique up to the center of P. Since nf^iK'^iJ^aJ, (^i,^6i)] = (i^^~^,0) 
by [|4|, it is non-zero. Since tto = Z x Qo C Isomo (P), this relation 2g — 2 would 
have to be 0. This gives a contradiction and so [vr] must have infinite order. 



Conversely, suppose 1— >Z-^7r^Q^lis exact, where Q is a cocompact 
discrete subgroup of Isomo(IHI) = PSL(2,R); and [tt] G i?^(Q;Z) has infinite order. 
Then with the natural inclusion i : Z ^ R and the induced homoniorphism i, : 
H'^{Q;Z) H'^{Q]R), u[7r] is the pushout [Rtt] g H^iQ;R) (see subsection |3XT1 ), 
and is non-zero. By Lemma |6.3.3| , [Q] G H^{Q]R) is also non-zero. Therefore, 



there exists e G R so that (e o i)*[7r] = e*[R7r] = [Q]. This impfies that there exists 
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a homomorphism of tt into Q with the diagram 

1 > Z > TT > 



Q 
Q 



1 



Q 



commutative and with injective vertical maps. Since Z and Q acts properly dis- 
continuously with compact quotient on M and H respectively, tt is cocompact and 
discrete. This completes the proof. □ 

Corollary 6.3.6. Let p : Q PSL(2,]R) he a discrete cocompact subgroup. For 
an extension 1 >7r— 1, there exists an injective homomorphism 

9 : TT Isom(P) so that the diagram 

1 > Z > TT > Q > 1 



e 

1 — > M — > Isomo(P) — > PSL(2,I 
commutes if and only if [tt] G H^{Q; Z) has infinite order. 



(16) 



Corollary 6.3.7. (Structure) Let M he a closed orbifold modelled on (Isomo(P), P)- 
geometry. Then M is an orientable closed Seifert orbifold over a hyperbolic base 
with e{M) ^ 0. 

(Realization) Let M he a compact orientable Seifert orbifold over a hyperbolic base. 
Then M admits an {lsomQ{P), P)- geometry if and only if e{M) ^ 0. 

6.3.8. Consider the commuting diagram ([l6|). With fixed e and p, how many 0's 
are there to make the diagram commutative? Such maps are classified by H^{Q; M), 
see Theorem 3.7.2. Since the action of Q on ffi. is trivial, 

H\Q;R) =R29, 

where 2g is the first Betti number of the group Q. Compare this with 

W{Q;M{M,R)) = 0, {i > I) 

so that, for any extension I^Z^tt^Q— >l,a homomorphism tt — > TOPr(M x 
H) exists and is unique, up to conjugation by elements of M(IHI,R). 

6.4. Lorentz Structures and PSL(2, M)-Geometry. The spaces admitting PSL2I 
geometry have another interesting geometric structure. Here is a more explicit de- 
scription of our problem. Let us denote PSL(2,]R) by Poo. The space Poo is the 
universal covering group of Pi = PSL(2, R). Topologically Poo is homeomorphic to 



Pi =PSL(2,R) 
Poo =PSL(2,R). 

Consider the indefinite metric of signature + H on 

space is 

S^'^ ={{x,y)\x,yeR\ \x\^ - \y 
«0(2,2)/0(l,2). 



The unit sphere of this 
1} 
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The linear map of M'* defined by the matrix 



transforms S"^'^ to 



1 



-1 



P2 = {{x,y, z,u) eW^ \ xu - yz = 1} 
= SL2M . 

Thus P2 has a complete Lorentz metric of signature +, — , — and constant sectional 
curvature = 1. 

A space is called a Lorentz orbifold if it is the quotient of Poo by a discrete group 
of Lorentz isometries acting properly discontinuously. One can show that such a 
group contains normal subgroups of finite index which act freely. A Lorentz orbifold 
for which the discrete group acts freely is called a Lorentz space-form. The Lorentz 
structure on a space-form is non-singular and it has Poo as its (metric) universal 
covering. Then 1 —t "L —t Poo ^ Pi — > 1 is actually a central extension with Z being 
the entire center of Poo- It turns out that the identity component of Isom(Poo) is 
(Poo X Poo)/Z where Z is the diagonal central subgroup corresponding to the center 
of each of the Poo-factors. The action Poo x Poo, as isometries, on Poo is given by 

{a, P) ■ X = a ■ X ■ . 

Moreover, Isomo(Poo) = Poo x^Poo has index 4 in Isom(Poo). These Lorentz space- 
forms are analogous to the complete spherical space-forms in the Riemannian case. 

Let us describe some obvious ones which turn out to be homogeneous in the 
sense that Isom(M) acts transitively on M. Take tt C Poo x e C Poo Xz Poo as 
a discrete subgroup. Then surely the centralizer of tt in Isom(Poo), C'isom(Poo)('''')i 
contains e x Poo in (Poo x^ Poo)- In fact, it is exactly e x Poo (unless tt « Z and 
sits in the center of Poo x e in Isom(Poo)). Such groups tt are classified in 
and are certain Seifert manifolds over a hyperbolic base, for there is an obvious 
action on 7r\Poo induced from e x Poo C Isomo(Poo). A surprising fact is that all 
homogeneous Lorentz orbifolds are actually homogeneous Lorentz space forms and 
coincide with those just described above, [p9| , §10]. 

If TT C Isom(Poo) so that M — 7r\Poo is compact then it is shown in §7] 
that AI is homeomorphic to an orientable Seifert orbifold over a hyperbolic base. 
However, the connections between the Seifert structure and the Lorentz structure 
is unclear. This is due to the fact that Isom(Poo) does not act properly on Poo. By 
selecting a maximal subgroup of Isom(Poo) which acts properly on Poo, these two 
disparate structures can be related. 

The subgroup 

J{Poc) = (Poo xz M)xZ2 C Isom(Poo), 
where Poo x^M — (Poo x M)/Z, where Z is the central diagonal subgroup of Poo x E, 
and Z2 reverses the orientation of time (= R) and space (= H = Poo/K) at the same 
time is the same Lie group as the Isom(Poo) in the Riemannian case. A Lorentz 
orbifold (resp; space-form) M = i:\Poo, where tt C J {Poo) C Isom(Poo) is called 
standard. Therefore the standard Lorentz orbifolds and space-forms coincide with 

the orbifolds and space-forms of the PSL(2, ]R)-geometry. A Lorentz space-form is 
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homogeneous if the fuU group of Lorentz isometries acts transitively. It is known 
that homogeneous Lorentz space-forms M admit nonstandard complete Lorentz 
structures if H^{M-M.) ^ 0. See 0. 

The Seifert fibering, in the theorem below, on M descends from the R-action 
by the second M-factor in J {Poo) on Poo- The following are due to Kulkarni and 
Raymond and are stated here, for simplicity, in the closed cases. 

Theorem 6.4.1 ( ||29| , (8.5)]). (Structure) A compact standard Lorentz space-form 
(resp. Lorentz orbifold) is an orientable Seifert manifold M (resp. Seifert orbifold) 
over a hyperbolic base B with e(M) ^ 0. 

(Realization). Let M be a compact orientable Seifert manifold (resp. orientable 
Seifert orbifold) over a hyperbolic base with e(M) ^ 0. Then, M admits a structure 
of a standard Lorentz space-form (resp. Lorentz orbifold). 

We remark that the orbifold part breaks into two separate cases. If all fibers are 
« S^, then all closed orientable Seifert manifolds with e(M) ^ appear as Lorentz 
orbifolds (and conversely). This is similar to having the topological sphere appear 
as a 2-dimensional hyperbolic orbifold. If some fibers are arcs then the Lorentz 
orbifolds are homeomorphic to connected sums of lens spaces (including S^ and 
S^ X S^). We should also mention that the statements in Theorem |6.4.1 are for 



the full J {Poo) and not the connected component of the identity, and correspond 
to the cocompact discrete subgroups of Isom(P) in the Riemannian case instead 



of Isomo(P) as described in the preceding section. See |29, §8,9] for details and 
treatment of cases other than the compact ones. 

6.5. Deformation Spaces for PSL(2, ]R)-geometry. 

Definition 6.5.1. Let TZ{ti\U) be the space of all injective homomorphisms 9 : 
Ti U such that 9{ti) is cocompact acting properly on Poo and, is discrete in U. 
We topologize TZ{n;U) as a subset of . In general, if W is a Lie group, then 
TZ{tt;U) will be a real analytic space. 

The space TZ{t:; U) is called the space of discrete representations of n into U or 
the Weil space of {tt^U). When there is no confusion likely, we denote TZ{tt;U) 
simply by TZ{n). 

Recall that ^ denotes conjugation. The inner- automorphisms group Inn(W) acts 
on 7?,(7r) from the left by 

/i(u) • 9 = fi{u) o 9 

for u and 9 G TZ{7t). Denote the orbit space of this action by 

T{tt) = Inn(W)\7^(7^) . 

It is called the Teichmiiller space of tt (or of M). 
Aut(7r) acts on TZ{it) from the right by 

9-f^9of 

for 9 G 7?.(7r) and / G Aut(7r). Denote the orbit space of this action by 

5(7r) ==7e(7r)/Aut(7r). 

iS(7r) is the space of discrete subgroups oflA each isomorphic to tt, or the Chabauty 
space. 
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Since the two actions of lim(U) and Aut(7r) commute with each other, Aut(7r) 
acts on T{tt), and lnn{U) acts on iS(7r). Aut(7r) has an obvious kernel Inn(7r). 
Consequently, we get an action of Out(7r) on T(7r). We denote the orbit space by 

yW(7r) = T(7r)/Out(7r). 

It is called the moduli (or Riemann) space of tt. It is also obtained as the orbit 
space 

M{tt) = lnii{U)\S{TT) . 
Summarizing in the form of a commutative diagram of orbit mappings, we have 

(Inn(Z^), 7e(^),Aut(7r)) ^"^'^ (r(7r), Out(^)) 

|/Aut(7r) |/0ut(7r) (17) 

(Inn(Z^), S{7t)) '"^^^ M(7r) 

We shall now describe the deformation spaces for closed M which have a geo- 
metric structure modelled on (U^ P) = (Isomo(P), P) (or equivalently the standard 
Lorentz structures). We shall see that these deformation spaces all have Seifert 
fiberings over well-studied deformation spaces of discrete cocompact orientation- 
preserving hyperbolic groups. 

Let TT be a cocompact discrete subgroup oiU — IsoniQ (Poo ) • We have the central 
extension 

with Q C P, and having infinite order in H^{Q; Z). 

Since our group U embeds into TOPr(M x H) we have topological rigidity in the 
strong sense that if9i and 62 are two embeddings of cocompact tt into TOPr(RxIHI), 
then they are conjugate in TOPr(M x H). In almost all cases they will not be 
conjugate in U. The elements of A4{tt) then represent the different W-structures on 
M, and we may expect large deformation spaces. 

In order to understand TZ{tt), we need to study Aut(7r). We would like to describe 
Aut(7r) in terms of Aut((5). Since Z is characteristic, any automorphism of tt induces 
an automorphism of Q. 

Definition 6.5.2. Let Aut(Q(7r)) be the image 0/ Aut(7r) Aut(Q). That is, 

Aut(Q(7r)) = (e e Aut(O) : 39 e Aut(7r) inducing 6}, 
the group of automorphisms of Q which can be lifted to an automorphism o/tt. 



Because Z C K. has t he uni que isomorphism extension property, one can form a 
pushout (see subsection 3.3.1 ) to get Rtt fitting the commuting diagram: 
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Lemma 6.5.3. There is a commutative diagram with exact rows and injective ver- 
tical maps: 

1 — > Honi(Q,Z) — * Aut(7r) — > Aut(Q(7r)) — > 1 

1 1 1 

1 — > Honi(Q,R) — > Aut(R7r) — > Aut(Q) — > 1 

Proof. The crucial fact for the proof is H^{Q;M.) ^ M. Since [n] G H'^{Q\'L) 
has infinite order, [Rtt] G 7J^((5;M) is non-zero. Since M is characteristic in Rtt, 
any / e Aut(R7r) induces an automorphism / € Aut((5). Suppose / = id. Let 
/ : R ^ R be the restriction of /. Then /*[R7r] = 7*[R7r] = [Rtt] since / = id. 
Since [Rtt] is non-zero, / = id. Therefore, / is of the form 

/(") = ^(") • " 

for some map A : tt ^ R. One easily sees that A factors through Q and it satisfies 
the cocycle condition 

\{a'P) = \{a) + a\(fi) 

for all a, /? G Q so that A G Z^{Q,M). However, since R is central in Rtt, R 
is a trivial Q-module so that Z^((5,R) — Hom((5,R). Conversely, any such a 
A G Hom((5,R) yields an automorphism / G Aut(R7r). Moreover, Hom(Q,R) n 
Aut(7r) = Hom(Q,Z). 

Let g G Aut((3). We would like to find g G Aut(R7r) which induces 'g on Q. 
The automorphism g induces an automorphism 5* : _ff^((5;R) H'^{Q;M.). Since 
i?2((3;R) = R and [Rvr] ^ 0, there is a real number e for which g*[R7r] = e[R7r]. 
This number e is non-zero and can be viewed as an automorphism of Rtt such that 



1 — > 


R — > Rtt — > 


Q 


— > 1 






I' I 








1 — > 


R — > Rtt — > 


Q 


— > 1 




is commutative. Thus we 


have shown that Aut(IE 


In) 


Aut(Q) is surjective. 


□ 



The deformation spaces of tt will be studied via those of Q. To this end, it is 
necessary to define the following: 

Definition 6.5.4. Let TZ{Q;U) be the space of all injective homomorphisms 9{Q) 
such that 9{Q) is cocompact and discrete in U. 

There is a left action of InniU) on TZ{Q\ U), and also a right action of Aut((5(7r)) 
on n{Q;U). We the define 

T{Q-U) = lnn{Uy\n{Q;U) 
S{Q{n)-U) = 7^(Q;^)/Aut(Q(7r)) 
M{Q{-k)-U) = r(Q;W)/0ut(Q(7r)). 

These are the Teichmiiller space, the restricted Chabauty space, and the restricted 
moduli space of Q, respectively. 

It is known that Aut((5(7r)) is a subgroup of Aut(Q) of finite index, see Ap- 
pendix]. This implies that S {Q{'k)) = Tl{Q) / Aui{Q{TT)) is a finite regular covering 
of5(Q). Also7W(Q(7r)) = r(g)/0ut(Q(7r)), where Out(Q(7r)) = Aut(Q(7r))/Inn(Q). 
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Lemma 6.5.5. The action o/Aut(7r) on TZ{ti]U) extends to an action o/Aut(R7r) 
on n{-K\U). The subgroup Z'^{Q\M) = H^{Q;R) = Hom(g,M) acts on 7^(7^;W) 
freely and properly. Moreover, 7?.(7r;Z//)/Honi((3,K) = TZ{Q;U). 

Proof. Clearly, an element 6 e TZ{tt; U) determines a homomorphism 9 : Mtt —> U 
uniquely. The action of Aut(M7r) on TZ{n;h{) is defined as follows: For 9 G TZ{tt;U) 
and / e Aut(R7r), 

9-f = 9of\,. 

The image of tt under 6* o / is a discrete cocompact subgroup of U so that 6* o / |^ e 
7^(7^;W). 

Suppose 9,9' £ TI{tt;U) induce the same representation 9 = 9 E TZ{Q;U). Let 
9, 9' : Rtt U he the homomorphisms induced from 9, 9' as described above. Since 
9 ~ 9 , the embeddings 9 and 9' are related by 0'(a) = X{a)9{a) for some map 
A : Rtt M. C U. Since 9 and 0' must be equal on K, the map A factors through 
Q, and hence 

A : Q — > R. 

The map A satisfies the cocycle condition so that A G Hom(Q,II^). Conversely, let 
/ £ Aut(R7r) inducing the identity on Q. Then by reversing the order of arguments 
given above, one sees that 9 and 9 o f represent the same element of TZ{Q;U). 

Clearly, unless / is the identity, 9 and 9 o f will be different, which shows that 
the action of Hom((5,R) on Ti.{Ti;U) is free and proper since the orbit space is 
Hausdorff. □ 

Theorem 6.5.6 (p^. Theorem 2.5]). Let tt be a compact orbifold group with (Isonio(P), P)- 

geometry. Let g be the genus of the base orbifold. Then, 

n{TT) ^ 7^((5)xR29 trivial principal -bundle over 11{Q) 
T{tt) = T (Q) X R29 trivial principal R'^s -bundle over T (Q) 
S{tt) T'^^ -bundle over S{Q{it)) 
Ai{'K) Seifert fiber space over M.{Q{'k)) with typical fiber T^^ . 

Furthermore, S{Q{t:)) is a finite sheeted covering of S{Q), and M{Q(t:)) is a finite 

sheeted branched covering of M{Q). 

Proof. Let Z be the center of tt. Then Q = tt/Z is the base orbifold group. Hence 
in Lemma |6.5.3| , Hom(Q,R) = H^{Q;M.) = R^f, and 

1 — > R29 — > Aut(R7r) — > Aut(Q) — > 1 



is exact. By Lemma 6.5.5, the group R^ acts on 7^(7r) freely and properly so that 
the orbit map becomes a principal bundle 

r29 ^ 7^(7^) ^ 7^(g). 

Since R^^ is contractible, its classifying space is a point and consequently 7^(7r) 
splits as (7e(7r),R29) = {n{Q) x R29,R29) equivariantly, where R^s acts on the 
second factor as translations. 

Since R is the center of Isomo(P), we have //(Isomo(P)) = /i(P) and 

r(7r) = ^(Isomo(P))\7^(7^) = ^(P)\(7^(Q) x R^f). 

Now /i(P) acts on TZ{Q) freely and properly with quotient T((5) which has the 
homotopy type of the set of two points. Therefore T(7r) is a product T{Q) x R^" . 
Moreover, it is known that T{Q) is diffeomorphic to two copies of M.^9~s+2p^ where 
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p is the number of non-free orbit types of the Q action on H. (This is the number 
of distinct conjugacy classes of maximal finite subgroups of Q). 
For the space of subgroups 

5(7r) = 7e(7r)/Aut(7r) = (7^(g) x M29)/Aut(7r), 

note that Aut(7r) n R^^ = Z^f and the quotient Aut(7r)/Z2f, which we called 
Aut(Q(7r)), is a subgroup of Aut(Q). By first dividing out by I?^ , we get S{tt) — 
{TZ{Q) X T2f)/Aut(Q(7r)). Since Aut(Q(7r)) acts on TZ{Q) freely, we have a genuine 
fibration 

T'a S{n) ^ S{Q{7t)). 
The action of Aut(7r) on R^^ x TZ{Q) — TZ{tt) is weakly R^^-equivariant, because 
Z'^s = Hom(Q; Z) is normal in Aut(7r). In other words, 

Aut(7r) ^ TOPm2.,(R29 x 7^(Q)) = M(7^(Q), R^^) x (GL(25, R) x T0P(7^(Q))) 
so that 

1 — > — > Aut(7r) — > Aut(Q(7r)) 



1 



M(7e(g),R25) 



T0Pr2,(I 



2g 



GL(2g,R) X T0P(7^(Q)) 



1 



is commutative. Thus, the structure group is a subgroup of the affine group of the 
torus T^s o GL(2g,Z). Let 9 e n{n). Then for a e n, ■ n{a) = ii(0{a)) o 0. 
Therefore, on '2'(7r), Inn(7r) = Inn(R7r) = Q acts trivially as does Inn((5) = Q 
on T{Q). Consequently, we have properly discontinuous actions of Out(R7r) and 
Out(Q(7r)) on T(7r) and T{Q). 

The space of moduli A4{tt) — T(7r)/Out(7r) requires more care. Recall that 
TZ{tt) — R^^ X T(Q) with R^^ action by translations on the first factor. Since 

1 — > R25 — > Out(R7r) — > Out(Q) 

is exact, we also have the commutative diagram: 

(T(7r) = R29 X r(Q), Out(R^)) 
/Out(7r) 
A^(7r) =T(7r)/Out(7r) 
The actions and maps arise from the embedding 
1 — > Z^f — > Out(7r) — > 



(T(g),Out(g)) 

yOut(Q(7r)) 
M{Q{7t)) 



(19) 



1 



23 



Out(R7r) 



Out(g(^)) 



Out(Q) 



1 



(20) 



1 



obtained from Lemma 6.5.3 by dividing out the ineffective Q. Note Inn(R7r)nR^^ = 
1. Now as Out(7r) normalizes R^^ and Z^^ sits in R^^ as a lattice, the mapping q is 
a Seifert fibering with typical fiber the torus R^^/Z^^. In general, the fibering will 
not be locally trivial. In fact, if = (Out((3(7r)))jgj for some [9] E T{Q), then the 
induced extension 

1 — > Z^s — > E — > F — > 1 
acts affinely on R^^ x [9] sitting over [9]. The orbit over [9] under Out(g(7r)) 
determines a 2-dimensional hyperbolic orbifold up to isometry. Over this hyperbolic 
orbifold is the set E\R'^s = F\T^s of metric Seifert orbifolds in M{n) with base 
this hyperbolic orbifold. □ 
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6.6. Polynomial structure on virtually poly-Z manifolds. We have seen in 



Theorem 5.2.3 that any torsion-free virtually poly-Z group n is the fundamental 
group of a closed K{tt, l)-manifold. For example, see (4.1). On the other hand, Mil- 
nor p5| has shown that such a group tt can be the fundamental group of a complete 
affinely flat (not necessarily compact) manifold. The question arises as to whether 
one can find a compact complete aSinely flat manifold with such fundamental group. 
It is true when tt is 3-step nilpotent Q . 

However, counter-examples produced by Benoist Q and Burde and Grunewald 
|9| show that certain compact nilmanifolds do not admit a complete affinely flat 
structure. Consequently, the question has a negative answer even in the nilpotent 
case. 

Note that one can look at such a complete affinely flat structure as a "polynomial 
structure of degree 1". In a situation where "polynomial structures of degree 1" fails 
to exist, the next best structure will be "polynomial structure of higher degree". 
The main reference for this section is 

A torsion-free flltration for a torsion-free finitely generated nilpotent group F is 
a central series of the form: 



Fo = 1 C Fi C F2 C • • • C Fc-i C Fe C F^+i = F 



for which 



Fj+i/Fj = Z'' for 1 < i < c and some fc G No 

Moreover, each F.^ can be chosen to be a characteristic subgroup of F. We use 
K to denote the Hirsh number (or rank) of F. Often, we will also use Ki — 
ki + fci+i + ■ ■ ■ + kc- It follows that K = Ki. 



Notation 6.6.1. (1) P(R^,M'') C M(E^,M'=) denotes the vector space of polyno- 
mial mappings p : ^ M'^. So p is given by k polynomials in K variables. 
(2) P(M^) C TOP(M^) wiU be used to indicate the set of aU polynomial diffeo- 
morphisms of R^, with an inverse which is also a polynomial mapping. This is a 
group where the multiplication is given by composition. 

It is not hard to verify that P(M^',M'=) is a A.Vii{lI') x P(E^)-module and that 
the resulting semi-direct product group 

P(K^,M'=)x(Aut(Z'=) X P{R^)) C P(IR^+'=) 

by defining V(p, 5, /i) e P(]R^, M'=) x (Aut(Z'=) x P(E^)), V(a;,y) e ]R'=+^ : 

^^^<^^'^\x,y)^{gx-p{h{y)),h{y))- 
Restrict M(R^,K'=) to P(R^,E'=) and TOP(M^') to P(M^), and we wiU speak of 
canonical type polynomial representations. 

From now on, if we speak of a polynomial representation p : F ^ P{M.^) which 
is of canonical type, we mean of canonical type with respect to some torsion-free 
central series. 

Theorem 6.6.2. (Existence) Let T he a torsion-free, finitely generated nilpotent 
group of rank K. For any torsion-free central series F*, there exists a canonical 
type polynomial representation p : F ^ P(R^). 

(Uniqueness) If pi,p2 are two such polynomial representations o/F into P(R^^) with 
respect to the same F», there exists a polynomial map p G P{M.^) such that p2 — 
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p ^opiop. Consequently, the manifolds piiTj^^ and p2{T)\^^ are "polynomially 
diffeomorphic ". 

Proof. The fundamental fact that we shall use is the cohomology vanishing 

i^X^/^l,p(M^^M'^■l)) = o 

for i > 0. See Q for a proof. 

(Existence) We will proceed by induction on the nilpotency class c of F. If T is 
abelian, then the existence is well known. Now, suppose that F is of class c > 1 
and the existence is guaranteed for lower nilpotency classes. Using the induction 
hypotheses, the group F/Fi can be furnished with a canonical type polynomial 
representation 

p : F/Fi ^ P(M^2). 

We obtain an embedding i : Fi = Z^^i -> P(]R^^IR'=i) if we define i{z) : R^^ ^ 
R'^i : X I— > z. We are looking for a map p making the following diagram commuta- 
tive: 

1 — > Fi — > F — > F/Fi — > 1 

1 — > P(M^^R'^l) — > Pxi{AxP) — > Aut(Z'=i) X P(R^2) — > 1 

n 

where Px(A x P) denotes P(R^^M'=i)x(Aut(Z'=i) x P(R^2)) ^^d ip : T/Ti 
Aut(Z'^i) = Aut(Fi) denotes the morphism induced by the extension 1 ^ Fi ^ 
F ^ F/Fi 1. 

The existence of such a map p is now guaranteed by the surjectiveness of d in the 
long exact cohomology sequence 

>0^ i^l(^/Fl,P(R^^R'=l)) — > i^l(F/Fl,P(R^^R'=l)/Z'=l) 

H^{T/Ti,Z''^) — > H^{T/Ti,P{R'^^,R''^)) =0 — 

(Uniqueness) Again we proceed by induction on the nilpotency class c of F. For 
c = 1 the result is again well known. Indeed, two canonical type representations of 
a virtually abelian group are even known to be affinely conjugated. 

So we suppose that F is of class c > 1 and that the theorem holds for smaller 
nilpotency classes. The representations pi, p2 induce two canonical type polynomial 
representations 

p-i,p-2 :F/Fi ^M^^ 

By the induction hypothesis, there exists a polynomial map q : R^^ such 
that 

P2 = q^^ o pioq. 

Lift this q to a polynomial map q of R^'^ as follows: 

Vx e R*^i , Vy G R^^ : q : R^' ^ R^^ : {x, y) ^ q{x, y) = (x, q{y)). 

When restricted to Fi, pi and p2 are mapping elements onto pure translations 
of R''! . We know that there exist an affine mapping i : R''! ^ R''! for which 

P21 , = A^^ o Pii , o A- 
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Extend A to an afRne mapping of by defining 

Va; e M'=i,Vy e R^^ : A: R^^ R^^ : {x,y) A{x,y) = {A{x),y) 

Let us denote ip = A~^ o o pi o q o A. Then we see that tp and p2 are two 
canonical type polynomial representations of T, which coincide with each other on 
Fi and which induce the same representation of F/Fi. This means that ip and p2 
can be seen as the result of a Seifert construction with respect to the same data 
(cf. the commutative diagram above). 

Now we use the injectiveness of S, which implies that ip and p2 are conjugated 
to each other by an element r e P(M^^M*'i) (seen as an element of P(IR^)!). So 
we may conclude that 

P2 = otpor = r~^ o A~^ °q~^ opi oqo Aor = o pi op 

if we take p = q o Ao r. □ 
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